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Abstract
Under the hypotheses of smoothness of the interactions in the cou-
pling constant, locality, Poincare´ invariance, Lorentz covariance, and the
preservation of the number of derivatives on each field in the Lagrangian
of the interacting theory (the same number of derivatives like in the free
Lagrangian), we prove that the only consistent interactions in D = 11
among massless gravitini, a graviton, and a 3-form are described byN = 1,
D = 11 SUGRA.
PACS number: 11.10.Ef
1 Introduction
In this part we use the results from Refs. [1], [2], and [3] and approach the
fourth (and final) step of constructing all possible interactions in D = 11 among
a graviton, a massless Majorana spin-3/2 field, and a three-form gauge field. Of
course, we maintain the same working hypotheses like in the first three parts,
namely smoothness of interactions in the coupling constant, locality, Poincare´
invariance, Lorentz covariance, and the preservation of the number of derivatives
on each field in the Lagrangian density of the interacting theory. First, we put
all the fields together and investigate if there are consistent interactions vertices
at order one in the coupling constant involving all of them. The answer is
negative, such that the first-order deformation of the solution to the master
equation is completely known from the previous steps. Second, we analyze the
consistency of the first-order deformation at order two in the coupling constant.
This restricts the six constants that parameterize the first-order deformation to
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satisfy a simple, algebraic system. There are two types of solutions, but only one
is interesting from the point of view of interactions (the other allows at most the
interactions between a graviton and a 3-form). Third, we analyze this solution
and observe that it systematically reproduces the Lagrangian formulation of
D = 11, N = 1 SUGRA. Therefore, we can state that all consistent interactions
in D = 11 among a spin-2 field, a massless Majorana spin-3/2 field, and a
three-form that comply with our working hypotheses are uniquely described by
D = 11, N = 1 SUGRA.
2 No simultaneous interactions at order one in
the coupling constant
Now, we put together all the three kinds of fields (graviton, massless gravitini
and three-form) and start from the free action
SL0 [hµν , Aµνρ, ψµ] =
∫
d11x
(
Lh0 + LA0 + Lψ0
)
(1)
in D = 11, where Lh0 , LA0 , and Lψ0 denote the Lagrangian densities of the
Pauli-Fierz model, of an Abelian three-form, and of a massless Rarita-Schwinger
field respectively (see Section 2 from Ref. [1] and also Section 2 from Ref. [2]).
Consequently, the BRST symmetry of the free model (1) is written as
s =
1
2
(
sh,A + sA,ψ + sh,ψ
)
, (2)
where sh,A, sA,ψ, and sh,ψ denote the BRST symmetries of the free models
respectively approached in Refs. [1], [2], and [3]. The overall BRST differential
(2) further decomposes as
s = δ + γ, (3)
where δ stands for the full Koszul-Tate differential and γ represents the total
longitudinal exterior derivative. Both operators from the right-hand side of (3)
can be written in a manner similar to (2), but in terms of the corresponding
operators built in Refs. [1]–[3]
δ =
1
2
(
δh,A + δA,ψ + δh,ψ
)
, γ =
1
2
(
γh,A + γA,ψ + γh,ψ
)
. (4)
The actions of δ and γ on the generators from the BRST complex associated
with theory (1) are given by
δh∗µν = 2Hµν , δA∗µνρ =
1
3!
∂λF
µνρλ, δψ∗µ = −i∂αψ¯βγαβµ, (5)
δη∗µ = −2∂νh∗µν , δC∗µν = −3∂ρA∗µνρ, δξ∗ = ∂µψ∗µ, (6)
δC∗µ = −2∂νC∗µν , δC∗ = −∂µC∗µ, δχΩ = 0, (7)
γχ∗Ω = 0, γhµν = ∂(µην), γAµνρ = ∂[µCνρ], γψµ = ∂µξ, (8)
2
γηµ = 0, γCµν = ∂[µCν], γξ = 0, γCµ = ∂µC, γC = 0. (9)
In formulas (5)–(9) we denoted by χΩ the entire field/ghost spectrum and by
χ∗Ω their antifields.
At this point, we will rely on the previous results exposed in Refs. [1]–[3]
related to the first-order deformation of the solution to the master equation in
the various sectors of theory (1) and to the associated local BRST cohomologies
in order to determine the expression of the first-order deformation for the full
model.
Let us denote by S1 the first-order deformation of the solution to the master
equation for theory (1), which is solution to the equation
sS1 = 0. (10)
The functional S1 naturally decomposes into
S1 = S
h
1 + S
A
1 + S
ψ
1 + S
h−A
1 + S
A−ψ
1 + S
h−ψ
1 + S
int
1 . (11)
Some of the terms from the right-hand side of (11) have already been constructed
in Refs. [1]–[3]. Their significance is as follows:
• Sh1 means the first-order deformation in the Pauli-Fierz sector (it depends
only on the BRST generators associated with the Pauli-Fierz model) and
has been extensively investigated in the literature. Its nonintegrated den-
sity is given for instance in formula (47) from Ref. [1];
• SA1 represents the first-order deformation for the 3-form (it involves only
the BRST generators corresponding to an Abelian 3-form) and was ex-
plicitly computed in Ref. [1], see formula (52).
• Sψ1 signifies the component of the first-order deformation in the Rarita-
Schwinger sector (it comprises only the BRST generators for a massless
Rarita-Schwinger vector spinor) and was deduced in Ref. [2], see formula
(50);
• Sh−A1 denotes the first-order deformation related to the cross-couplings
between a Pauli-Fierz field and a 3-form (it effectively mixes the two sorts
of BRST generators) and was built in detail in Ref. [1], see formula (77);
• SA−ψ1 is the first-order deformation describing the interactions between
massless gravitini and a 3-form (again, it effectively couples the BRST
generators from the vector spinor complex with those of the 3-form) and
was approached in Ref. [2], see formula (110);
• Sh−ψ1 stands for the first-order deformation expressing the cross-couplings
between a spin-2 field and a massless Rarita-Schwinger spinor (it effectively
combines the Pauli-Fierz BRST generators with those from the vector
spinor sector) and was analyzed in Ref. [3]. Its nonintegrated density is
the sum between the components listed in formulas (20)–(22) from Ref. [3];
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• Finally, Sint1 is the first-order deformation that gathers simultaneously all
the three types of BRST generators and thus describes (at least cubic)
interaction vertices containing the spin-2 field, the massless gravitini and
the 3-form. It will be investigated in the sequel.
Since each of the first six components from the right-hand side of (11) satisfies
an equation of the type (10), it follows that Sint1 is subject to the equation
sSint1 = 0. (12)
In order to compute the general solution to this equation, let us denote by aint
its nonintegrated density, such that the local form of (12) is
saint = ∂µmintµ , (13)
wheremintµ is a local current. Eq. (13) shows that a
int ∈ H0 (s|d), where d is the
exterior spacetime differential in M11. The solution to (13) is unique modulo
the addition of s-exact terms and full divergences
aint → aint + scint + ∂µnintµ . (14)
If the general solution to Eq. (13) is purely trivial, aint = scint+ ∂µnintµ , then it
can be taken to vanish, aint = 0.
In order to analyze Eq. (13), we develop aint with respect to the antighost
number
aint =
I∑
i=0
ainti , agh
(
ainti
)
= i, gh
(
ainti
)
= 0, ε
(
ainti
)
= 0, (15)
and assume, without loss of generality, that decomposition (15) stops at some
finite value of I. Replacing (15) into (13) and projecting it on the various values
of the antighost number by means of (3), we obtain that (13) is equivalent to
the tower of equations
γaintI = ∂
µ(I)m
int
µ , (16)
δaintI + γa
int
I−1 = ∂
µ(I−1)m
int
µ , (17)
δainti + γa
int
i−1 = ∂
µ(i−1)m
int
µ , 1 ≤ i ≤ I − 1, (18)
where
(
(i)
m
int
µ
)
i=0,I
are some local currents, with agh
(
(i)
m
int
µ
)
= i. Eq. (16) can
be replaced in strictly positive antighost numbers by
γaintI = 0, I > 0. (19)
Due to the second-order nilpotency of γ (γ2 = 0), the solution to (19) is unique
up to γ-exact contributions
aintI → aintI + γcintI . (20)
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Meanwhile, if it turns out that aintI reduces to γ-exact terms only, a
int
I = γc
int
I ,
then it can be made to vanish, aintI = 0. In other words, the nontriviality of
the first-order deformation aint is translated at its highest antighost number
component into the requirement that aintI ∈ HI (γ), where HI (γ) denotes the
cohomology of the exterior longitudinal derivative γ in pure ghost number equal
to I. So, in order to solve Eq. (13) (equivalent with (19) and (17)–(18)), we
need to compute the cohomology of γ, H (γ), and, as it will be made clear below,
also the local cohomology of δ, H (δ|d).
Using the results derived in Refs. [1]–[3] regarding the cohomology of γ, we
can state that H (γ) is generated on the one hand by χ∗Ω, Fµνρλ, ∂[µψν], and
Kµναβ , together with their spacetime derivatives and, on the other hand, by the
undifferentiated ghost for ghost for ghost C, by the undifferentiated ghost ξ as
well by the ghosts ηµ and their antisymmetric first-order derivatives ∂[µην]. So,
the most general (and nontrivial) solution to (19) can be written, up to γ-exact
contributions, as
aintI = αI
(
[Fµνρλ] ,
[
∂[µψν]
]
, [Kµναβ ] , [χ
∗
Ω]
)
ωI
(
C, ξ, ηµ, ∂[µην]
)
, (21)
where the notation f ([q]) means that f depends on q and its derivatives up to
a finite order, and ωI denotes the elements of a basis in the space of polyno-
mials with pure ghost number I in the corresponding ghost for ghost for ghost,
Rarita-Schwinger ghost, Pauli-Fierz ghosts and their antisymmetric first-order
derivatives. The objects αI (obviously nontrivial in H
0 (γ)) were taken to have a
finite antighost number and a bounded number of derivatives, and therefore they
are polynomials in the antifields χ∗Ω, in the linearized Riemann tensor Kµναβ , in
the antisymmetric first-order derivatives of the spin-vector, ∂[µψν], and in the
field-strength of the three-form Fµνρλ as well as in their subsequent derivatives.
They are required to fulfill the property agh (αI) = I in order to ensure that
the ghost number of aintI is equal to zero. Due to their γ-closeness, γαI = 0,
and to their polynomial character, αI will be called invariant polynomials.
Inserting (21) in (17), we obtain that a necessary (but not sufficient) condi-
tion for the existence of (nontrivial) solutions aI−1 is that the invariant polyno-
mials αI are (nontrivial) objects from the local cohomology of the Koszul-Tate
differential H (δ|d) in antighost number I > 0 and in pure ghost number zero,
δαI = ∂µ
(I−1)
j
µ
, agh
(
(I−1)
j
µ
)
= I − 1, pgh
(
(I−1)
j
µ
)
= 0. (22)
We recall that the local cohomologyH (δ|d) is completely trivial in both strictly
positive antighost and pure ghost numbers. Using the fact that the Cauchy order
of the free theory under study is equal to four, the general results from Refs. [4]
and [5], according to which the local cohomology of the Koszul-Tate differential
in pure ghost number zero is trivial in antighost numbers strictly greater than
its Cauchy order, ensure that
HJ (δ|d) = 0, J > 4, (23)
5
where HJ (δ|d) denotes the local cohomology of the Koszul-Tate differential in
antighost number J and in pure ghost number zero. It can be shown that
any invariant polynomial that is trivial in HJ (δ|d) with J ≥ 4 can be taken
to be trivial also in H invJ (δ|d). (H invJ (δ|d) denotes the invariant characteristic
cohomology in antighost number J — the local cohomology of the Koszul-Tate
differential in the space of invariant polynomials.) Thus:(
αJ = δbJ+1 + ∂µ
(J)
c
µ
, agh (αJ) = J ≥ 4
)
⇒ αJ = δβJ+1 + ∂µ
(J)
γ
µ
, (24)
with both βJ+1 and
(J)
γ
µ
invariant polynomials. Results (23) and (24) yield the
conclusion that
H invJ (δ|d) = 0, J > 4. (25)
Using the results from Refs. [1]–[3], the spaces (HJ (δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
are spanned by
H4 (δ|d) , H inv4 (δ|d) : (C∗) , (26)
H3 (δ|d) , H inv3 (δ|d) : (C∗µ) , (27)
H2 (δ|d) , H inv2 (δ|d) : (C∗µν , η∗µ, ξ∗) . (28)
In contrast to the groups (HJ (δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2, which are finite-
dimensional, the cohomology H1 (δ|d) in pure ghost number zero, known to
be related to global symmetries and ordinary conservation laws, is infinite-
dimensional since the theory is free. Fortunately, it will not be needed in the
sequel.
The previous results on H (δ|d) and H inv (δ|d) in strictly positive antighost
numbers are important because they control the obstructions to removing the
antifields from the first-order deformation. Based on formulas (23)–(24), one can
successively eliminate all the pieces of antighost number strictly greater than
four from the nonintegrated density of the first-order deformation by adding only
trivial terms. Consequently, one can take (without loss of nontrivial objects)
I ≤ 4 into the decomposition (15). In addition, the last representative reads as
in (21), where the invariant polynomial is necessarily a nontrivial object from(
H invJ (δ|d)
)
2≤J≤4 or from H1 (δ|d) for J = 1.
The previous discussion enforces that we can take I = 4 in (15) and work
with
aint = aint0 + a
int
1 + a
int
2 + a
int
3 + a
int
4 , (29)
where the components from the right-hand side of (29) satisfy Eqs. (19) and
(17)–(18) for I = 4. Due to (21) and (26), we can write the nontrivial solution
to (19) for I = 4 in the form
aint4 = C
∗ω4
(
C, ξ, ηµ, ∂[µην]
)
. (30)
Since aint4 already depends on C
∗, which is a BRST generator from the 3-form
sector, we have to select from ω4 only those elements of pure ghost number 4
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that depend simultaneously on the ghosts from the Rarita-Schwinger and Pauli-
Fierz sectors, namely involve both ξ and ηµ or ∂[µην]. These are precisely{
ξ¯γαξηνηρ, ξ¯γαβξηνηρ, ξ¯γαβγδεξηνηρ, ξ¯γαξηµ∂[νηρ],
ξ¯γαβξηµ∂[νηρ], ξ¯γαβγδεξηµ∂[νηρ], ξ¯γαξ
(
∂[µην]
)
∂[ρηλ],
ξ¯γαβξ
(
∂[µην]
)
∂[ρηλ], ξ¯γαβγδεξ
(
∂[µην]
)
∂[ρηλ]
}
, (31)
such that (30) becomes
aint4 = C
∗
[q1
2
ξ¯γµνξηµην + q2σ
µρξ¯γνξηµ∂[νηρ]
+
q3
2
σρλ ξ¯γµνξ
(
∂[µηρ]
)
∂[νηλ]
]
, (32)
with q1, q2, and q3 some real, arbitrary constants. By applying the operator δ
on (32) and further using definitions (5)–(9), we obtain that
δaint4 = ∂µ
{
−C∗µ
[q1
2
ξ¯γαβξηαηβ + q2σ
αβ ξ¯γνξηα∂[νηβ]
+
q3
2
σρλ ξ¯γαβξ
(
∂[αηρ]
)
∂[βηλ]
]}
+γ
{
C∗µ
[q1
2
ξ¯γαβξηαhµβ − q2
2
σαβ ξ¯γνξ
(
hµα∂[νηβ]
−2ηα∂[νhβ]µ
)
+ q3σ
ρλξ¯γαβξ
(
∂[αηρ]
)
∂[βhλ]µ
+q1ξ¯γ
αβψµηαηβ + 2q2σ
αβ ξ¯γνψµηα∂[νηβ]
+q3σ
ρλ ξ¯γαβψµ
(
∂[αηρ]
)
∂[βηλ]
]}
+
1
2
C∗µ
(
q1ξ¯γ
αβξηα − q2σαβ ξ¯γνξ∂[νηα]
)
∂[µηβ]. (33)
We observe that (33) cannot agree with (17) for I = 4 unless we set
q1 = q2 = 0, (34)
which then replaced in (32) and (33) produces
aint4 =
q3
2
σρλC∗ξ¯γαβξ
(
∂[αηρ]
)
∂[βηλ], (35)
aint3 = −q3σρλC∗µ
[
ξ¯γαβξ
(
∂[αηρ]
)
∂[βhλ]µ + ξ¯γ
αβψµ
(
∂[αηρ]
)
∂[βηλ]
]
. (36)
Acting now with δ on (36) and recalling definitions (5)–(9), we have that
δaint3 = ∂ν
{−2q3σρλC∗µν ξ¯γαβ [ξ (∂[αηρ]) ∂[βhλ]µ + ψµ (∂[αηρ]) ∂[βηλ]]}
+γ
{
q3σ
ρλC∗µν ξ¯γαβ
[
ξ
(
∂[αhρ]ν
)
∂[βhλ]µ + 2ψµ
(
∂[αηρ]
)
∂[βhλ]ν
]
−q3σρλC∗µν ψ¯µγαβψν
(
∂[αηρ]
)
∂[βηλ]
}
+q3σ
ρλC∗µν ξ¯γαβ
[
2ξ
(
∂[αηρ]
)
Kβλµν −
(
∂[µψν]
) (
∂[αηρ]
)
∂[βηλ]
]
,(37)
such that (37) is compatible with (17) for I = 3 if
q3 = 0. (38)
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If we insert (38) into (35), then we conclude that aint4 = 0, so we can take I = 3
in (15).
Consequently, decomposition (15) reduces to
aint = aint0 + a
int
1 + a
int
2 + a
int
3 , (39)
where the components from the right-hand side of (39) satisfy Eqs. (19) and
(17)–(18) for I = 3. Taking into account formula (21) and relation (27), we find
that
aint3 = C
∗µω3µ
(
C, ξ, ηµ, ∂[µην]
)
, (40)
where we have to elect again among the elements ω3 only those involving simul-
taneously ξ and ηµ or ∂[µην], namely{
ξ¯γαξηµ, ξ¯γαβξηµ, ξ¯γαβγδεξηµ, ξ¯γαξ∂[µην],
ξ¯γαβξ∂[µην], ξ¯γαβγδεξ∂[µην]
}
. (41)
Only the second and fourth elements from (41) allow the formation of 11-
dimensional vector-like combinations, so the general form of (40) reads as
aint3 =
1
2
σαβC∗µ
(
q4ξ¯γµαξηβ + q5ξ¯γαξ∂[µηβ]
)
, (42)
with q4 and q5 real numbers. Next, we act like in the case I = 4, namely apply δ
on (42) and then manipulate the resulting expression with the help of definitions
(5)–(9), which further yields
δaint3 = ∂ν
[
σαβC∗µν
(
q4ξ¯γµαξηβ + q5ξ¯γαξ∂[µηβ]
)]
+γ
{
σαβC∗µν
[
q4ξ¯γµα (2ψνηβ − ξhβν)
+q5ξ¯γα
(
2ψν∂[µηβ] − ξ∂[µhβ]ν
)]}
−q4
2
σαβC∗µν ξ¯γµαξ∂[νηβ]. (43)
Formula (43) does not concur with (17) for I = 3 unless
q4 = 0, (44)
which substituted in (42) and (43) provides
aint3 =
q5
2
C∗µξ¯γαξ∂[µηα], (45)
aint2 = −q5C∗µν ξ¯γα
(
2ψν∂[µηα] − ξ∂[µhα]ν
)
. (46)
Acting with δ on (46), we can write that
δaint2 = ∂ρ
[
3q5A
∗µνρ ξ¯γα
(
2ψν∂[µηα] − ξ∂[µhα]ν
)]
+γ
[−3q5A∗µνρ (ψ¯νγαψρ∂[µηα] + ξ¯γαψν∂[µhρ]α)]
+3q5A
∗µνρξ¯γα
(
∂[νψρ]
)
∂[µηα], (47)
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so Eq. (18) for I = 2 cannot hold except for the case where
q5 = 0. (48)
Introducing (44) and (48) in (42), we deduce that we can take aint3 = 0.
The following possibility is to stop at antighost number 2, in which situation
aint = aint0 + a
int
1 + a
int
2 , (49)
where the components of aint are subject to Eqs. (19) and (17)–(18) for I = 2.
Due to result (28) and formula (21), the nontrivial solution to (19) for I = 2
takes the form
aint2 = ξ
∗ωˆ2
(
C, ξ, ηµ, ∂[µην]
)
+ η∗µω2µ
(
C, ξ, ηµ, ∂[µην]
)
+C∗µνω2µν
(
C, ξ, ηµ, ∂[µην]
)
. (50)
The elements ωˆ2, ω2µ, and ω
2
µν have the pure ghost number equal to 2 and must
at least contain ghosts belonging to the sectors respectively complementary to
that including the antifield coupled to them. In other words, ωˆ2 compulsory
contains both C and ηµ or ∂[µην], ω
2
µ must depend on both C and ξ, and ω
2
µν
are restricted to involve both ξ and ηµ or ∂[µην]. Since the pure ghost number
of C is already 3, it follows that ωˆ2 and ω2µ must be discarded by putting
ωˆ2
(
C, ξ, ηµ, ∂[µην]
)
= 0, (51)
ω2µ
(
C, ξ, ηµ, ∂[µην]
)
= 0. (52)
Regarding ω2µν , we observe that the ghost ξ is a spinor, so it can be mixed with
ηµ or ∂[µην] into an antisymmetric tensor through an at least cubic combination,
simultaneously involving ξ¯, ξ, and ηµ or ∂[µην], which therefore displays a pure
ghost number greater or equal to 3. For this reason we must also give up ω2µν
ω2µν
(
C, ξ, ηµ, ∂[µην]
)
= 0. (53)
The results expressed by (51)–(53) ensure, via (50), that aint2 = 0, so we have
to consider the case I = 1 in (15).
Consequently, we have that
aint = aint0 + a
int
1 , (54)
where aint0 and a
int
1 fulfill the equations
γaint1 = 0, (55)
δaint1 + γa
int
0 = ∂
µ(0)m
int
µ . (56)
According to (21), the general, nontrivial solution to (55) is given by
aint1 = ψ
∗µ (Mµξ +Mαµ ηα +Mαβµ ∂[αηβ])
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+h∗µν
(
Nµνξ +N
α
µνηα +N
αβ
µν ∂[αηβ]
)
+A∗µνρ
(
Pµνρξ + P
α
µνρηα + P
αβ
µνρ∂[αηβ]
)
, (57)
where the objects generically denoted by M , N or P are gauge invariant quan-
tities. In order to provide interactions among all the three kinds of fields, each
of them is required to depend at least on those gauge invariant combinations
constructed out of the fields from the sector(s) that are complementary to the
respectively coupled antifields/ghosts. Regarding their tensorial properties, the
elements Mαβµ , N
αβ
µν , and P
αβ
µνρ are antisymmetric in their upper indices α and
β, all the quantities of the type N are symmetric in their lower indices µ and ν,
and all the quantities denoted by P are completely antisymmetric in their lower
indices µ, ν, and ρ. Moreover, each Mµ is a 2
5 × 25 matrix with bosonic, gauge
invariant functions as elements. Furthermore, each of Mαµ , M
αβ
µ , Nµν , or Pµνρ
is a fermionic, gauge invariant spinor tensor. Since the only fermionic, spinor
fields are the gravitini and the gauge invariant quantities built out of them are
their antisymmetric first-order derivatives, ∂[γψδ], it follows that M
α
µ , M
αβ
µ ,
Nµν , and Pµνρ can be further represented in terms of some 2
5 × 25 matrices
with bosonic, gauge invariant elements, of the type:
Mαµ = M¯
α|γδ
µ ∂[γψδ], M
αβ
µ = M¯
αβ|γδ
µ ∂[γψδ], (58)
Nµν = ∂[γψ¯δ]N¯
γδ
µν , Pµνρ = ∂[γ ψ¯δ]P¯
γδ
µνρ, (59)
where M¯
α|γδ
µ , M¯
αβ|γδ
µ , N¯γδµν , or P¯
γδ
µνρ may contain in principle additional space-
time derivatives. At this point we ask that the corresponding aint0 (as solution
to (56)) leads to interacting field equations preserving the derivative order of
the free ones (derivative order assumption). This further requires that the max-
imum derivative order of aint0 is equal to two, with the precaution that each
interacting field equation contains at most one spacetime derivative acting on
the gravitini. In the sequel we will argue that each of the terms from the right-
hand side of (57), if consistent, would produce in the interacting Lagrangian
terms forbidden by the derivative order assumption.
Related to the first term, ψ∗µMµξ, since both ψ∗µ and ξ belong to the Rarita-
Schwinger sector, it follows that each element of the matrices Mµ is constrained
to be at least linear in both the linearized Riemann tensor Kµνρλ and the field
strength Fµνρλ of the 3-form, so it contains at least three spacetime derivatives.
If consistent, each of these terms would lead to an interacting Lagrangian density
with minimum three derivatives, which is unacceptable, so we must set
Mµ = 0. (60)
The second element, ψ∗µMαµ ηα, already contain generators from the Rarita-
Schwinger and Pauli-Fierz sectors, so Mαµ are bound to be at least linear in
Fµνρλ. Due to the former relation from (58), we conclude that ψ
∗µMαµ ηα has at
least two spacetime derivatives, among which one already acts on the gravitini,
so it would provide field equations with at least two derivatives acting on the
gravitini. We have to forbid this by setting
Mαµ = 0. (61)
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Using exactly the same arguments we eliminate the third piece, ψ∗µMαβµ ∂[αηβ],
by putting
Mαβµ = 0. (62)
A simple analysis of the fourth component, h∗µνNµνξ, shows that Nµν is com-
pelled to be at least linear in Fµνρλ, and so, according to the first formula in
(59), it contains at least two derivatives. Since δh∗µν also contains two deriva-
tives, this component would generate an interacting Lagrangian density with at
least three derivatives. The derivative order assumption is again broken, so we
must take
Nµν = 0. (63)
Looking at the fifth constituent, h∗µνNαµνηα, since both h
∗µν and ηα pertain
to the Pauli-Fierz sector, it results that the bosonic, γ-invariant tensor Nαµν is
simultaneously at least quadratic in the antisymmetric first-order derivatives of
the Rarita-Schwinger spinors and linear in Fµνρλ, which amounts to at least
three derivatives. Thus, if consistent, this term would give rise to a Lagrangian
density with at least four derivatives. The same reason can be used to eliminate
h∗µνNαβµν ∂[αηβ] from a
int
1 , and hence we can write
Nαµν = 0, N
αβ
µν = 0. (64)
The seventh term, A∗µνρPµνρξ, contains the fermionic, gauge invariant spinor
tensor Pµνρ, which is required to involve the Pauli-Fierz field, so it effectively
depends on Kµνρλ. Joining this observation to the second relation from (59),
we get that Pµνρ includes at least three derivatives, and thus the corresponding
Lagrangian density (if any) would furnish interaction vertices with at least four
derivatives. This is again in contradiction with the derivative order assumption,
so we must discard this term by choosing
Pµνρ = 0. (65)
Finally, the last two pieces from the right-hand side of (57), A∗µνρPαµνρηα and
A∗µνρPαβµνρ∂[αηβ], involve the bosonic, gauge invariant tensors P
α
µνρ and P
αβ
µνρ,
which are required to depend on the Rarita-Schwinger spinors, and therefore
they are at least quadratic in the antisymmetric first-order derivatives of grav-
itini. If consistent, these objects would imply interaction vertices with at least
three and respectively four derivatives, and therefore must be canceled through
Pαµνρ = 0, P
αβ
µνρ = 0. (66)
Inserting the previous results, (60)–(66), into (57), we obtain aint1 = 0, such
that the first-order deformation of the solution to the master equation can only
reduce to its antighost number zero component (we can only have I = 0 in (15)).
This final possibility is described by
aint = aint0 , (67)
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where aint0 is subject to the equation
1
γaint0 = ∂
µ(0)m
int
µ . (68)
In order to analyze properly the solution to (68), we split its solution as
aint0 = a¯
int
0 + a˜
int
0 , (69)
where
γa¯int0 = 0, (70)
γa˜int0 = ∂
µ(0)m
int
µ , (71)
with
(0)
m
int
µ 6= 0.
Due to (70), a¯int0 is a bosonic, gauge invariant object, which is required to
depend on all three kinds of fields. Consequently, a¯int0 is at least quadratic in the
antisymmetric first-order derivatives of the spinors, ∂[µψν], and at least linear in
both Kµνρλ and Fµνρλ, so it contains at least five spacetime derivatives, which
disagrees with the derivative order assumption. In conclusion, we eliminate it
from the interacting Lagrangian density by putting
a¯int0 = 0. (72)
Now, we approach Eq. (71) in a standard manner. Namely, we decompose
a˜int0 with respect to the total number of derivatives into
a˜int0 = ω0 + ω1 + ω2, (73)
where (ωk)k=0,2 comprises k derivatives. By projecting (71) on the different
possible values of the number of derivatives, we find that it becomes equivalent
to three equations, one for each component
γωk = ∂µl
µ
k , k = 0, 2, (74)
where
(0)
m
intµ
= lµ0 + l
µ
1 + l
µ
2 . (75)
In the sequel we solve (74) for each value of k.
We start with (74) for k = 0 and recall definitions (8), which produce
γω0 =
∂Rω0
∂ψµ
∂µξ +
∂ω0
∂hµν
∂(µην) +
∂ω0
∂Aµνρ
∂[µCνρ]
= ∂µ
(
∂Rω0
∂ψµ
ξ + 2
∂ω0
∂hµν
ην + 3
∂ω0
∂Aµνρ
Cνρ
)
1One can no longer replace Eq. (68) with the homogeneous one, like in the previous cases,
since now we reached the bottom value of the antighost number, namely zero.
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−
(
∂µ
∂Rω0
∂ψµ
)
ξ − 2
(
∂µ
∂ω0
∂hµν
)
ην − 3
(
∂µ
∂ω0
∂Aµνρ
)
Cνρ. (76)
From (76) we observe that (74) for k = 0 cannot hold unless
∂µ
∂Rω0
∂ψµ
= 0, ∂µ
∂ω0
∂hµν
= 0, ∂µ
∂ω0
∂Aµνρ
= 0. (77)
But ω0 has no derivatives acting on the fields, such that the only solution to
(77) is purely trivial
ω0 = 0. (78)
For k = 1 we have that
γω1 =
∂Rω1
∂ψµ
∂µξ +
∂ω1
∂hµν
∂(µην) +
∂ω1
∂Aµνρ
∂[µCνρ]
+
∂Rω1
∂ (∂αψµ)
∂α∂µξ +
∂ω1
∂ (∂αhµν)
∂α∂(µην) +
∂ω1
∂ (∂αAµνρ)
∂α∂[µCνρ]
= ∂µ
[
∂Rω1
∂ψµ
ξ + 2
∂ω1
∂hµν
ην + 3
∂ω1
∂Aµνρ
Cνρ +
∂Rω1
∂ (∂µψα)
∂αξ
+
∂ω1
∂ (∂µhαβ)
∂(αηβ) +
∂ω1
∂ (∂µAαβγ)
∂[αCβγ] −
(
∂α
∂Rω1
∂ (∂αψµ)
)
ξ
−2
(
∂α
∂ω1
∂ (∂αhµν)
)
ην − 3
(
∂α
∂ω1
∂ (∂αAµνρ)
)
Cνρ
]
−
(
∂µ
δRω1
δψµ
)
ξ − 2
(
∂µ
δω1
δhµν
)
ην − 3
(
∂µ
δω1
δAµνρ
)
Cνρ, (79)
so (79) complies with (74) for k = 1 if
∂µ
δRω1
δψµ
= 0, ∂µ
δω1
δhµν
= 0, ∂µ
δω1
δAµνρ
= 0. (80)
The general solutions to (80) are expressed by
δRω1
δψµ
= ∂νL
µν ,
δω1
δhµν
= ∂ρL
ρµν ,
δω1
δAµνρ
= ∂λL
µνρλ, (81)
where all the quantities generically denoted by L depend only on the undiffer-
entiated fields (have no spacetime derivatives). In addition, Lµν is a fermionic,
spinor tensor, antisymmetric in its Lorentz indices, Lµνρλ is a bosonic, com-
pletely antisymmetric tensor, and Lρµν is also a bosonic tensor, antisymmetric
in its first two indices
Lρµν = −Lµρν . (82)
As δω1/δhµν is symmetric and L
ρµν is derivative-free, it follows that this tensor
must be symmetric in its last two indices
Lρµν = Lρνµ. (83)
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Using repeatedly properties (82) and (83), it is easy to obtain Lρµν = 0, and
hence
δω1
δhµν
= 0. (84)
This means that ω1 may depend on the Pauli-Fierz field only through trivial
combinations (full divergences), which bring no contributions to the interacting
Lagrangian density, and therefore ω1 cannot assemble all the three sectors in a
nontrivial way and can be taken to vanish
ω1 = 0. (85)
Finally, we solve Eq. (74) for k = 2. If we make the notations
̥
µ =
δRω2
δψµ
, Dµν =
δω2
δhµν
, Dµνρ =
δω2
δAµνρ
, (86)
then we can write
γω2 = − (∂µ̥µ) ξ − 2 (∂µDµν) ην − 3 (∂µDµνρ)Cνρ + ∂µuµ, (87)
with uµ a local current. From (87) we infer that ω2 cannot be solution to (74)
unless
∂µ̥
µ = 0, ∂µD
µν = 0, ∂µD
µνρ = 0. (88)
The solutions to the last equations are known and take the general form
̥
µ = ∂ν̥
µν , Dµν = ∂α∂βU
µανβ , Dµνρ = ∂λD
µνρλ, (89)
where ̥µν and Dµνρλ are completely antisymmetric in their Lorentz indices and
Uµανβ possesses the mixed symmetry of the Riemann tensor. In addition, ̥µν
and Dµνρλ contain precisely one spacetime derivative of the fields and Uµανβ
depends only on the undifferentiated fields. At this stage it is useful to introduce
a derivation in the algebra of the fields and of their derivatives that counts the
powers of the fields and their derivatives, defined by
N =
∑
k≥0
[
∂R
∂ (∂µ1···µkψµ)
(∂µ1···µkψµ) + (∂µ1···µkhµν)
∂
∂ (∂µ1···µkhµν)
+ (∂µ1···µkAµνρ)
∂
∂ (∂µ1···µkAµνρ)
]
. (90)
Then, it is easy to see that for every nonintegrated density χ, we have that
Nχ =
δRχ
δψµ
ψµ +
δχ
δhµν
hµν +
δχ
δAµνρ
Aµνρ + ∂µs
µ. (91)
If χ(l) is a homogeneous polynomial of order l > 0 in the fields and their deriva-
tives, then
Nχ(l) = lχ(l). (92)
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Using (86), (89), and (91), we deduce that
Nω2 =
1
2
̥
µν∂[µψν] −
1
2
KµανβU
µανβ +
1
4
FµνρλD
µνρλ + ∂µv
µ. (93)
We expand ω2 as
ω2 =
∑
l>0
ω
(l)
2 , (94)
where Nω
(l)
2 = lω
(l)
2 , such that
Nω2 =
∑
l>0
lω
(l)
2 . (95)
Comparing (93) with (95), we reach the conclusion that the decomposition (94)
induces a similar decomposition with respect to ̥µν , Uµανβ , and Dµνρλ, i.e.
̥
µν =
∑
l>0
̥
µν
(l−1), U
µανβ =
∑
l>0
Uµανβ(l−1) , D
µνρλ =
∑
l>0
Dµνρλ(l−1). (96)
Substituting (96) in (93) and comparing the resulting expression with (95), we
obtain that
ω
(l)
2 =
1
2l
(
̥
µν
(l−1)∂[µψν] −KµανβUµανβ(l−1) +
1
2
FµνρλD
µνρλ
(l−1)
)
+ ∂µv¯
µ
(l). (97)
Introducing (97) in (94), we arrive at
ω2 =
1
2
ˇ̥ µν∂[µψν] −
1
2
KµανβUˇ
µανβ +
1
4
FµνρλDˇ
µνρλ + ∂µv¯
µ, (98)
where
ˇ̥ µν =
∑
l>0
1
l
̥
µν
(l−1), Uˇ
µανβ =
∑
l>0
1
l
Uµανβ(l−1) , Dˇ
µνρλ =
∑
l>0
1
l
Dµνρλ(l−1).
(99)
We will show that the second term from the right-hand side of (98) does not
comply with the derivative order assumption. Indeed, the tensor Uˇµανβ effec-
tively depends on both Aµνρ and ψµ (and possibly on their derivatives) in order
to describe simultaneous interactions among all the fields. Due to the presence
of the linearized Riemann tensorKµανβ , the term from ω2 containing Uˇ
µανβ will
contribute to the field equations for the spin-2 field with quantities involving at
least two spacetime derivatives acting on ψµ, which breaks the derivative order
assumption. Consequently, we must set
Uˇµανβ = 0. (100)
The last result implies (via the second formula in (99)) Uµανβ(l−1) = 0 for all l > 0,
which further yields (due to the second relation from (96)) that Uµανβ = 0,
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such that the second result from (89) finally leads to Dµν = 0. Recalling the
second notation from (86) this is the same with
δω2
δhµν
= 0,
meaning that ω2 is enabled to depend on the spin-2 field only through a (trivial)
full divergence, which brings no contribution to the Lagrangian action of the
interacting model. We conclude that there is no nontrivial ω2 that mixes all the
three field sectors, so we can take
ω2 = 0 (101)
without loss of generality.
Inserting (78), (85), and (101) in (73) we find that
a˜int0 = 0, (102)
such that results (72) and (102) substituted in (69) provide
aint0 = 0
and hence the first-order deformation of the solution to the master equation
that mixes all the fields cannot reduce nontrivially to its component of antighost
number zero.
Since we have exhausted all the possibilities of constructing a nontrivial aint
as in (15) (I = 4, 3, 2, 1, 0), we conclude that the general solution to (12) that
complies with all our working hypotheses is
Sint1 = 0. (103)
In conclusion, the full expression of the first-order deformation of the solution to
the master equation associated with the free theory described by (1) decomposes
as
S1 = S
h
1 + S
A
1 + S
ψ
1 + S
h−A
1 + S
A−ψ
1 + S
h−ψ
1 , (104)
where all the terms from the right-hand side of (104) have been reported in
Refs. [1]–[3].
3 Second-order deformation
The scope of this section is to investigate the consistency of the first-order defor-
mation and hence to determine the expression of the second-order deformation
of the solution to the master equation. In view of this, we start from the equa-
tion
(S1, S1) + 2sS2 = 0, (105)
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where S1 reads as in (104). By direct computation we find that the antibracket
(S1, S1) naturally decomposes into
(S1, S1) = (S1, S1)
h
+ (S1, S1)
A
+ (S1, S1)
ψ
+ (S1, S1)
h−A
+(S1, S1)
A−ψ
+ (S1, S1)
h−ψ
+ (S1, S1)
int
, (106)
where (S1, S1)
sector(s) is the projection of (S1, S1) on the respectively mentioned
sectors(s). Clearly, (106) induces a similar decomposition with respect to the
second-order deformation
S2 = S
h
2 + S
A
2 + S
ψ
2 + S
h−A
2 + S
A−ψ
2 + S
h−ψ
2 + S
int
2 . (107)
The projection of (105) on the various sectors makes (105) equivalent to the
tower of equations
(S1, S1)
h + 2sSh2 = 0, (108)
(S1, S1)
A
+ 2sSA2 = 0, (109)
(S1, S1)
ψ
+ 2sSψ2 = 0, (110)
(S1, S1)
h−A + 2sSh−A2 = 0, (111)
(S1, S1)
A−ψ
+ 2sSA−ψ2 = 0, (112)
(S1, S1)
h−ψ + 2sSh−ψ2 = 0, (113)
(S1, S1)
int
+ 2sSint2 = 0. (114)
If we denote by ∆sector(s) and bsector(s) the nonintegrated densities of the func-
tionals (S1, S1)
sector(s) and S
sector(s)
2 respectively, then Eqs. (108)–(114) take
the local form
∆h = −2sbh + ∂µnhµ, (115)
∆A = −2sbA + ∂µnAµ (116)
∆ψ = −2sbψ + ∂µnψµ , (117)
∆h−A = −2sbh−A + ∂µnh−Aµ , (118)
∆A−ψ = −2sbA−ψ + ∂µnA−ψµ , (119)
∆h−ψ = −2sbh−ψ + ∂µnh−ψµ , (120)
∆int = −2sbint + ∂µnintµ , (121)
with
gh
(
∆sector(s)
)
= 1, gh
(
bsector(s)
)
= 0, gh
(
nsector(s)µ
)
= 1, (122)
for some local currents n
sector(s)
µ . Recalling decomposition (104) of the first-
order deformation as well as the concrete expressions of its components, we find
that
(S1, S1)
h
=
(
Sh1 , S
h
1
)
.
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By direct computation we deduce
Sh2 =
∫
d11x
{
LEH2 −
Λ
2
(
h2 − 2hµνhµν
)− 1
4
h∗µν
[
hλµ∂ν
(
hρλη
λ
)
+
1
2
hρλ
(
∂λhµν
)
ηρ +
3
2
(
∂(µhν)λ − ∂λhµν
)
hλρη
ρ
]
+
1
8
η∗µην
(
hρµ∂[νηρ] − hρν∂[µηρ] − ηρ∂[νhρ]µ
)}
, (123)
where LEH2 is the quartic vertex of the Einstein-Hilbert Lagrangian. Meanwhile,
it results that
(S1, S1)
A = 0,
so Eq. (109) reduces to
sSA2 = 0 (124)
and has been solved in Ref. [1]. Namely, we have argued that the solution
to (124) can be taken as trivial modulo a redefinition of the constant q that
parameterizes SA1
SA2 = 0. (125)
Eq. (110) has been tackled in Section 6 from Ref. [3], where we proved that the
parameters k¯, k˜, m, and Λ are restricted to satisfy the relations
k˜2 +
k¯2
32
= 0, 180m2 − k¯Λ = 0, (126)
which then grant the nonintegrated density of the second-order deformation in
the Rarita-Schwinger sector to be expressed as the sum between the pieces listed
in formulas (71), (72), and (74) from Ref. [3]. Eq. (111) has been worked out
in detail in Ref. [1], where it was shown that the constant k (parameterizing
the cross-couplings between the spin-2 field and the 3-form) is subject to the
relation
k (k + 1) = 0. (127)
Taking the nontrivial solution of (127) (k = −1), it follows that the second-order
deformation in the mixed sector graviton-3-form is described by formula (117)
din Ref. [1].
Let us investigate now Eq. (112). It is easy to see that
(S1, S1)
A−ψ
=
(
SA−ψ1 , S
A−ψ
1
)
+ 2
(
SA1 , S
A−ψ
1
)
+2
(
Sψ1 , S
A−ψ
1
)
+ 2
(
Sh−A1 , S
h−ψ
1
)
. (128)
Recalling that ∆A−ψ denotes the nonintegrated density of (S1, S1)
A−ψ and per-
forming the necessary computations in the right-hand side of (128), we get that
∆A−ψ decomposes into
∆A−ψ =
4∑
I=0
∆A−ψI , agh
(
∆A−ψI
)
= I, I = 0, 4, (129)
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with
∆A−ψ4 = γ
(
ikk¯
8
C∗Cµξ¯γµξ
)
+ ∂µτ
A−ψ µ
4 , (130)
∆A−ψ3 = δ
(
ikk¯
8
C∗Cµξ¯γµξ
)
+γ
[
− ikk¯
8
C∗µ
(
Cµν ξ¯γ
νξ + Cνξγ(µψν)
)]
+∂µτ
A−ψ µ
3 ,
(131)
∆A−ψ2 = δ
[
− ikk¯
8
C∗µ
(
Cµν ξ¯γ
νξ + Cνξγ(µψν)
)]
+ γ
[
ikk¯
8
C∗µν
(
Aµνρξ¯γ
ρξ
−2C ρµ ξ¯γ(νψρ)
)]
+ ∂µτ
A−ψ µ
2 , (132)
∆h−A1 = δ
[
ikk¯
8
C∗µν
(
Aµνρξ¯γ
ρξ − 2C ρµ ξ¯γ(νψρ)
)]
+γ
(
−3ikk¯
8
A∗µνρA λµν ξ¯γ(ρψλ)
)
+
+4i
(
k˜2 − kk¯
32
)
A∗µνρFµνρλ ξ¯γλξ + ∂µτ
A−ψ µ
1 , (133)
and
∆h−A0 = δ
(
−3ikk¯
8
A∗µνρA λµν ξ¯γ(ρψλ)
)
+
+
4i
3
(
k˜2 − kk¯
32
)
FµνραF βµνρ
(
ξ¯γαψβ − 1
8
σαβ ξ¯γ
λψλ
)
−18k˜
(
q +
k˜
3 · (12)3
)
εµ1···µ11 ξ¯γµ1µ2ψµ3Fµ4···µ7Fµ8···µ11
+imk˜Fµνρλ ξ¯γµνρλσψ
σ + ∂µτ
A−ψ µ
0 . (134)
Because (S1, S1)
A−ψ
contains terms of maximum antighost number equal to
four, we can assume (without loss of generality) that bA−ψ stops at antighost
number five
bA−ψ =
5∑
I=0
bA−ψI , agh
(
bA−ψI
)
= I, I = 0, 5, (135)
nA−ψ µ =
5∑
I=0
nµI , agh
(
nA−ψ µI
)
= I, I = 0, 5. (136)
By projecting Eq. (119) on the various (decreasing) values of the antighost
number, we infer the following tower of equations
γbA−ψ5 = ∂µ
(
1
2
nA−ψ µ5
)
, (137)
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∆A−ψI = −2
(
δbA−ψI+1 + γb
A−ψ
I
)
+ ∂µn
A−ψ µ
I , I = 0, 4. (138)
Eq. (137) can always be replaced with
γbA−ψ5 = 0. (139)
If we compare (130) with (138) for I = 4, then we find that bh−A5 is restricted
to fulfill the equation
δbA−ψ5 + γb˜
A−ψ
4 = ∂µn˜
A−ψ µ
4 , (140)
where
bA−ψ4 = −
ikk¯
16
C∗Cµξ¯γµξ + b˜
A−ψ
4 . (141)
The solution to (139) reads as
bA−ψ5 = β
A−ψ
5 ([Fµνρλ] ,
[
∂[µψν]
]
, [χ∗∆])ω
5 (C, ξ) . (142)
Substituting the above form of bA−ψ5 into (140), we infer that a necessary con-
dition for (140) to possess solutions is that βA−ψ5 belongs to H5 (δ|d). Since for
the model under consideration we know that H5 (δ|d) = 0 and H inv5 (δ|d) = 0,
it follows that we can take
bA−ψ5 = 0, (143)
such that Eq. (140) reduces to γb˜A−ψ4 = ∂µn˜
µ
4 , that can always be replaced (as
it stands in a strictly positive value of the antighost number) with γb˜A−ψ4 = 0.
The last equation was investigated in Ref. [2] and was shown to possess only
the trivial solution
b˜A−ψ4 = 0. (144)
Due to (141) and (144), we observe that relations (130)–(132) agree with Eq.
(138) for I = 4, I = 3 and I = 2 respectively. On the contrary, ∆A−ψ1 given in
(133) cannot be written like in (138) for I = 1 unless
χA−ψ = 4i
(
k˜2 − kk¯
32
)
A∗µνρFµνρλξ¯γλξ, (145)
can be expressed like
χA−ψ = δϕA−ψ + γωA−ψ + ∂µlA−ψ µ. (146)
Assume that (146) holds. Then, by acting with δ on it from the left, we infer
that
δχA−ψ = γ
(−δωA−ψ)+ ∂µ (δlA−ψ µ) . (147)
On the other hand, using the concrete expression of χ, we have that
δχA−ψ = 4i
(
k˜2 − kk¯
32
)[
γ
(−T µν ξ¯γ(µψν))+ ∂µ (T µν ξ¯γνξ)] , (148)
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where
T µν =
1
3!
F ρλσµF νρλσ −
σµν
2 · 4!F
ρλσεFρλσε (149)
is the stress-energy tensor of the Abelian three-form gauge field. The right-hand
side of (148) can be written like in the right-hand side of (147) if the following
conditions are simultaneously satisfied
− δωA−ψ = −4i
(
k˜2 − kk¯
32
)
T µν ξ¯γ(µψν), (150)
δlA−ψ µ = 4i
(
k˜2 − kk¯
32
)
T µν ξ¯γνξ. (151)
Since none of the quantities ψµ, or ξ are δ-exact, we deduce that the last relations
hold if stress-energy tensor of the Abelian three-form gauge field is δ-exact
T µν = δΩµν . (152)
We have shown in Section 4.3 of Ref. [1] that relation (152) is not valid, and thus
neither are (150)–(151). As a consequence, χA−ψ must vanish, which further
implies
k˜2 − kk¯
32
= 0. (153)
Inserting (153) in (134), we deduce that
∆A−ψ0 = δ
(
−3ikk¯
8
A∗µνρA λµν ξ¯γ(ρψλ)
)
+
−18k˜
(
q +
k˜
3 · (12)3
)
εµ1···µ11 ξ¯γµ1µ2ψµ3Fµ4···µ7Fµ8···µ11
+imk˜Fµνρλ ξ¯γµνρλσψ
σ + ∂µτ
A−ψ µ
0 . (154)
We remark that (154) satisfies Eq. (138) for I = 0 if the quantity
χˆA−ψ = imk˜Fµνρλξ¯γµνρλσψσ
−18k˜
(
q +
k˜
3 · (12)3
)
εµ1···µ11 ξ¯γµ1µ2ψµ3Fµ4···µ7Fµ8···µ11 , (155)
can be written as
χˆA−ψ = δϕˆA−ψ + γωˆA−ψ + ∂µlˆA−ψµ . (156)
Let us assume that (156) takes place. Then, we apply γ on (156) and find that
γχˆA−ψ = δ
(−γϕˆA−ψ)+ ∂µ (γlˆA−ψµ ) . (157)
Direct computation based on (155) provides
γχˆA−ψ = ∂µ
[
imk˜
2
F νρλσ ξ¯γµνρλσξ
21
−9k˜
(
q +
k˜
3 · (12)3
)
εµµ1···µ11 ξ¯γµ1µ2ξFµ3···µ6Fµ7···µ10
]
.(158)
On the one hand, Eq. (157) requires that the current appearing in its right-
hand side is trivial in H (γ). On the other hand, the current involved in the
right-hand side of (158) is clearly a nontrivial element of H (γ). This contradic-
tion emphasizes that relation (156) cannot be valid, and therefore we must set
χˆA−ψ = 0, which leads to the conditions
mk˜ = 0, k˜
(
q +
k˜
3 · (12)3
)
= 0. (159)
Inserting now (153) and (159) in (130)–(134), we are able to identify the com-
ponents of the second-order deformation in the mixed gravitini-3-form sector
as
bA−ψ4 = −
ikk¯
16
C∗Cµξ¯γµξ, (160)
bA−ψ3 =
ikk¯
16
C∗µ
(
Cµν ξ¯γ
νξ + Cνξγ(µψν)
)
, (161)
bA−ψ2 = −
ikk¯
16
C∗µν
(
Aµνρ ξ¯γ
ρξ − 2C ρµ ξ¯γ(νψρ)
)
, (162)
bA−ψ1 =
3ikk¯
16
A∗µνρA λµν ξ¯γ(ρψλ), (163)
and
bA−ψ0 = 0. (164)
Formulas (160)–(164) allow us to write
SA−ψ2 =
∫
d11x
(
bA−ψ4 + b
A−ψ
3 + b
A−ψ
2 + b
A−ψ
1 + b
A−ψ
0
)
. (165)
In the following step we approach Eq. (113). From (104), we determine the
first term from the left-hand side of Eq. (113) under the form
(S1, S1)
h−ψ
=
(
Sh−ψ1 , S
h−ψ
1
)
+ 2
(
Sh1 , S
h−ψ
1
)
+ 2
(
Sψ1 , S
h−ψ
1
)
, (166)
where ∆h−ψ from the left hand-side of (120) (the local form of (113)) decomposes
as
∆h−ψ =
2∑
I=0
∆h−ψI , agh
(
∆h−ψI
)
= I, I = 0, 2, (167)
with
∆h−ψ2 = γ
[
− k¯
8
(
ξ∗γµνξh
µ
λ∂
[νηλ] + ξ∗γµνξηλ∂[µh
ν]
λ − iη∗µην ψ¯[µγν]ξ
)]
22
−1
8
k¯
(
k¯ − 1) [ξ∗γµνξ (∂[µηα]) ∂[νηβ]σαβ + i
2
η∗µξ¯γνξ∂[µην]
]
+ ∂µτ
h−ψ µ
2 ,(168)
∆h−ψ1 = δ
[
− k¯
8
(
ξ∗γµνξh
µ
λ∂
[νηλ] + ξ∗γµνξηλ∂[µh
ν]
λ − iη∗µην ψ¯[µγν]ξ
)
+k¯2ξ∗
(
∂[µψ¯ν]
)
ηµην + 2imk¯ξ∗γµξηµ
]
+ γ
[
− k¯
8
ψ∗µγνρψµ
(
hνλ∂
[ρηλ]
+∂[νh
ρ]
λ η
λ
)
− k¯
4
ψ∗µγνρξ
(
∂[νhλ]µ +
1
2
∂µh
νλ
)
hρλ +
ik¯
4
h∗µν ψ¯µ (γρξhρν
−2γνψρηρ)− k¯
2
4
ψ∗µγνρψλ
(
∂[νhρ]µ
)
ηλ − k¯2ψ∗µ
(
∂[µψν]
)
hνρη
ρ
+
k¯2
4
ψ∗µγνρψµ
(
∂[νh
ρ]
λ
)
ηλ − imk¯ψ∗µ (γνξhνµ − 2γµψνην)
]
+k¯
(
k¯ − 1){ψ∗µ (∂[µψν]) ηρ∂[νηρ] − 1
8
ψ∗µγνρψµ
(
∂[νηα]
)
∂[ρηβ]σαβ
−1
2
ψ∗µγνρξ
[
ηλ∂ν∂[µh
ρ
λ] −
1
2
(
∂[νhα]µ
)
∂[ρηβ]σαβ
]
− i
8
h∗µν
(
ξ¯γρξ∂[µhρ]ν − 2ψ¯µγρξ∂[νηρ] − 4ηρξ¯γν∂[µψρ]
)}
+ ∂µτ
h−ψ µ
1 ,(169)
and
∆h−ψ0 = δ
[
− k¯
8
ψ∗µγνρψµ
(
hνλ∂
[ρηλ] + ∂[νh
ρ]
λ η
λ
)
− k¯
4
ψ∗µγνρξ
(
∂[νhλ]µ +
1
2
∂µh
νλ
)
hρλ +
ik¯
4
h∗µν ψ¯µ (γρξhρν − 2γνψρηρ)
− k¯
2
4
ψ∗µγνρ
(
ψληλ∂
[νhρ]µ − ψµηλ∂[νhρ]λ
)
− k¯2ψ∗µ∂[µψν]hνρηρ
−imk¯ψ∗µ (γνξhνµ − γµψνην)]+ γ
{
9mk¯
(
1
2
ψ¯µγµνψ
νh− ψ¯µγµνψρhνρ
)
+
i
32
k¯
[
−2
(
∂[µψ¯ν]
)
γµνρ
(
ψρhλσhλσ − ψλhρσhλσ
)− 8ψ¯µγµψν (hρν∂[λhλρ]
−hρλ∂νhρλ + 1
2
hρν∂λh
λ
ρ +
1
2
hρλ∂ρhλν
)
+ 4
(
∂[µψ¯ν]
)
γνρλψ
ρhµσh
λσ
−4ψ¯µγνψρ (hλµ∂[νhλ]ρ + hλµ∂[ρhλ]ν + hλµ∂ρhνλ)
−ψ¯µγµνρλσψνhρω∂[λhσ]ω + 2k¯
(
∂[µψ¯ν]
)
γµνρ
(
ψρhh− 2ψλhhρλ + 2ψλhρσhσλ
−ψρhλσhλσ
)
+ 4k¯
(
∂[λψ¯σ]
)
γµνρψ
µhνλh
ρ
σ − 8k¯
(
∂[µψ¯ν]
)
γνρλ
(
ψρhhλµ − ψρhσµhλσ
+ψσhρµh
λ
σ
)
+ 8k¯ψ¯µγ
µψν
(
hρλ∂[νhρ]λ − hρν∂[λhλρ] + h∂[λhλν]
)
+4k¯ψ¯µγνψρ
(
hλν∂[µhρ]λ − 2hµν∂[λhλρ] − 2hλµ∂[ρhλ]ν − h∂[µhρ]ν
)]}
23
− i
16
k¯
(
k¯ − 1){ψ¯µγµνρλσ
[
ψν
(
∂[ρhλ]ω
)
∂[σηω] +
1
2
ξ
(
∂[νhρ]ω
)
∂[λhσ]ω
]
−4
(
∂[µψ¯ν]
)
γµνρ
(
ψλησ∂[λh
ρ
σ] − ψρησ∂[λhλσ] −
1
2
ψλhρσ∂[λησ] +
1
2
ξhρσ∂[λh
λ
σ]
)
+4
(
∂[µψ¯ν]
)
γνρλ
(
ξhρσ∂[µh
λ
σ] + ψ
ρhλσ∂[µησ] − 2ψρησ∂[µhλσ]
)
−4ψ¯µγµψν
[(
∂[νηρ]
)
∂[λh
ρ]
λ −
1
2
(
∂[ρηλ]
)
∂[ρhλ]ν + 2ην∂
ρ∂[ρh
λ
λ]
+2ηλ
(
∂ρ∂[νh
λ
ρ] − ∂λ∂[νhρρ]
)]
+ 4ψ¯µγνψρ
[(
∂[µhα]ν
)
∂[ρηβ]σ
αβ
−2 (∂µ∂[νhλ]ρ) ηλ − 2(∂λ∂[µhλ]ν − ∂ν∂[µhλλ]) ηρ]− ψ¯µγµξ [(∂[νhρ]λ) ∂[νhρ]λ
−2
(
∂[νh
ν
ρ]
)
∂[λh
ρ]
λ − 4h∂ν∂[νhρρ] − 4hνρ
(
∂λ∂[νh
ρ
λ] − ∂ρ∂[νhλλ]
)]
+4ψ¯µγνξ
[
hρµ
(
∂ν∂[ρh
λ
λ] − ∂λ∂[ρhλ]ν
)
+ hρλ
(
∂µ∂[νhρ]λ − ∂λ∂[νhρ]µ
)
+hρν
(
∂µ∂[ρh
λ
λ] − ∂λ∂[ρhλ]µ
)
− h
(
∂ν∂[µh
ρ
ρ] − ∂ρ∂[µhρ]ν
)
− hµν∂ρ∂[ρhλλ]
+
1
2
(
∂[ρhλ]µ
)
∂[ρhλ]ν +
(
∂[µhρ]ν
)
∂[ρh
λ]
λ
]}
+ ∂µτ
h−ψ µ
0 . (170)
Pursuing a reasoning similar to the previously investigated equation we conclude
that parameter k¯ is subject to the algebraic equation
k¯
(
k¯ − 1) = 0. (171)
Introducing (171) in (168)–(170) and recalling Eq. (120), we identify the various
pieces of the nonintegrated density of the second-order deformation in the mixed
graviton-gravitini sector as
bh−ψ2 =
k¯
16
ξ∗γµνξ
(
hµλ∂
[νηλ] + ηλ∂[µh
ν]
λ
)
− ik¯
16
η∗µηνψ¯[µγν]ξ
− k¯
2
2
ξ∗
(
∂[µψ¯ν]
)
ηµην − imk¯ξ∗γµξηµ, (172)
bh−ψ1 =
k¯
16
ψ∗µγνρ
[
ψµ
(
hνλ∂
[ρηλ] + ∂[νh
ρ]
λ η
λ
)
+ 2ξ
(
∂[νhλ]µ +
1
2
∂µh
νλ
)
hρλ
]
− ik¯
8
h∗µν ψ¯µ (γρξhρν − 2γνψρηρ) +
k¯2
8
ψ∗µ
[
γνρψ
λ
(
∂[νhρ]µ
)
ηλ
+4
(
∂[µψν]
)
hνρη
ρ − γνρψµ
(
∂[νh
ρ]
λ
)
ηλ
]
+
imk¯
2
ψ∗µ
(
γνξh
ν
µ − 2γµψνην
)
,(173)
and respectively
bh−ψ0 =
9mk¯
2
(
ψ¯µγµνψ
ρhνρ −
1
2
ψ¯µγµνψ
νh
)
24
+
ik¯
64
ψ¯µγµνρλσψ
νhρω∂[λhσ]ω +
ik¯
32
∂[µψ¯ν]γµνρ
(
ψρhλσhλσ − ψλhρσhλσ
)
− ik¯
16
∂[µψ¯ν]γνρλψ
ρhµσh
λσ +
ik¯
8
ψ¯µγ
µψν
(
hρν∂[λh
λ
ρ] − hρλ∂νhρλ
+
1
2
hρν∂λh
λ
ρ +
1
2
hρλ∂ρhλν
)
+
ik¯
16
ψ¯µγνψρ
(
hλµ∂[νhλ]ρ + h
λ
µ∂[ρhλ]ν
+hλµ∂ρhνλ
)− ik¯2
32
(
∂[µψ¯ν]
)
γµνρ
(
ψρhh− 2ψλhhρλ + 2ψλhρσhσλ − ψρhλσhλσ
)
+
ik¯2
8
(
∂[µψ¯ν]
)
γνρλ
(
ψρhhλµ − ψρhσµhλσ + ψσhρµhλσ
)− ik¯2
16
∂[λψ¯σ]γµνρψ
µhνλh
ρ
σ
− ik¯
2
8
ψ¯µγ
µψν
(
hρλ∂[νhρ]λ − hρν∂[λhλρ] + h∂[λhλν]
)
− ik¯
2
16
ψ¯µγνψρ
(
hλν∂[µhρ]λ − 2hµν∂[λhλρ] − 2hλµ∂[ρhλ]ν − h∂[µhρ]ν
)
. (174)
Formulas (172)–(174) enable us to write
Sh−ψ2 =
∫
d11x
(
bh−ψ2 + b
h−ψ
1 + b
h−ψ
0
)
. (175)
Finally, we solve (114) in its local form, namely (121). Taking into account
one more time the concrete form of the first-order deformation, (104), we observe
that
(S1, S1)
int = 2
(
Sh−A1 , S
A−ψ
1
)
+ 2
(
Sh−ψ1 , S
A−ψ
1
)
, (176)
where ∆int decomposes as
∆int =
2∑
I=0
∆intI , agh
(
∆intI
)
= I, I = 0, 2, (177)
with
∆int2 = γ
(
2kk˜C∗µνηρξ¯γµνψρ
)
+ k˜
(
k + k¯
)
C∗µν ξ¯γµαξ∂[νηβ]σαβ + ∂µτ
int µ
2 ,
(178)
∆int1 = δ
[
2kk˜C∗µνηρξ¯γµνψρ − ik¯k˜
36
ξ∗ (γµνρλσξησ + 8γµνρξηλ)Fµνρλ
]
+γ
[
−3kk˜A∗µνρ (hλρ ψ¯λγµνξ + 2ηλψ¯µγνρψλ)+ ik¯k˜72 ψ∗µγνρλσωξhνµF ρλσω
− ikk˜
9
ψ∗[µγνρλ]ξ
(
hσµ∂σAνρλ −
3
2
Aµνσ∂[ρh
σ
λ]
)
− ik¯k˜
36
ψ∗µγµνρλσψωF νρλσηω
+
ikk˜
18
ψ∗µγµνρλσξ
(
hνω∂
ωAρλσ − 3
2
Aνρω∂[λhσ]ω
)
− ik¯k˜
9
ψ∗µγνρλ
(
ξhσµFσνρλ
−2ψσFµνρλησ)] + k˜
(
k + k¯
) {
6A∗µνρ
[
ηλ
(
∂[µψ¯λ]
)
γνρξ + ψ¯νγρβξ∂[µηα]σ
αβ
25
+
1
4
ξ¯γρωξ∂[µh
ω
ν]
]
− i
18
ψ∗[µγνρλ]ξ
(
ησ∂σFµνρλ + 2Fµνρα∂[ληβ]σ
αβ
)
+
i
36
ψ∗µγµνρλσξ
(
ηω∂ωF
νρλσ + 2F νρλω∂[βηω]σ
σβ
)}
+ ∂µτ
int µ
1 , (179)
and
∆int0 = δ
[
−3kk˜A∗µνρ (hλρ ψ¯λγµνξ + 2ηλψ¯µγνρψλ)+ ik¯k˜72 ψ∗µγνρλσωξhνµF ρλσω
− ikk˜
9
ψ∗[µγνρλ]ξ
(
hσµ∂σAνρλ −
3
2
Aµνσ∂[ρh
σ
λ]
)
− ik¯k˜
36
ψ∗µγµνρλσψωF νρλσηω
+
ikk˜
18
ψ∗µγµνρλσξ
(
hνω∂
ωAρλσ − 3
2
Aνρω∂[λhσ]ω
)
− ik¯k˜
9
ψ∗µγνρλ
(
ξhσµFσνρλ
−2ψσFµνρλησ)] + γ
[
k¯k˜
48
ψ¯µγµνρλσωψ
ν
(
F ρλσωh− 6Aρλθ∂[σhω]θ
+4hρθ∂
θAλσω
)− k¯k˜
24
ψ¯µγµνρλσωψ
θhνθF
ρλσω − kk˜
4
ψ¯µγνρψλ (hFµνρλ − 2hσλFµνρσ
+2hσν∂σAµρλ − 2hσµ∂σAνρλ
)− kk˜
4
ψ¯[µγνρψλ]Aνρσ∂[µh
σ
λ]
]
+k˜
(
k + k¯
) [ 1
24
ψ¯µγµνρλσω
(
ψνηθ∂
θF ρλσω − ξhνθ∂θF ρλσω − 2ξF νρλθ∂[σhω]θ
)
+
1
12
ψ¯µγµνρλσαψ
νF ρλσω∂[βηω]σ
αβ − 1
2
ψ¯µγνρ
(
ψλFµνλα∂[ρηβ]σ
αβ
−ξFµνλσ∂[λhσ]ρ
)
− 1
2
(
∂[µψ¯ν]
)
γρλ (ψσFµνρλησ − 2ψσFµρλσην
−1
2
ξhFµνρλ + ξh
σ
µFσνρλ
)]
. (180)
Reprising the same steps like in the previous cases, we conclude that (121)
cannot hold unless the parameters k¯, k, and k˜ satisfy the algebraic equation
k˜
(
k + k¯
)
= 0. (181)
Assuming (181) holds, we insert (178)–(180) into (121) and identify the nonin-
tegrated density of the second-order deformation in the interacting sector (de-
scribing simultaneous interactions among graviton, gravitini, and 3-form) under
the form
bint2 = −kk˜C∗µνηρξ¯γµνψρ +
ik¯k˜
72
ξ∗ (γµνρλσξησ + 8γµνρξηλ)Fµνρλ, (182)
bint1 = 3kk˜A
∗µνρ
(
ηλψ¯µγνρψλ +
1
2
hλρ ψ¯λγµνξ
)
+
ikk˜
18
ψ∗[µγνρλ]ξ
(
hσµ∂σAνρλ −
3
2
Aµνσ∂[ρh
σ
λ]
)
− ikk˜
36
ψ∗µγµνρλσξ
(
hνω∂
ωAρλσ − 3
2
Aνρω∂[λhσ]ω
)
− ik¯k˜
144
ψ∗µγνρλσωξhνµF
ρλσω +
ik¯k˜
72
ψ∗µγµνρλσψωF νρλσηω
+
ik¯k˜
18
ψ∗µγνρλ
(
ξhσµFσνρλ − 2ψσFµνρλησ
)
, (183)
bint0 =
k¯k˜
48
ψ¯µγµνρλσω
(
ψθhνθ −
1
2
ψνh
)
F ρλσω
+
kk˜
16
ψ¯µγµνρλσωψ
ν
(
Aρλθ∂[σh
ω]
θ −
2
3
hρθ∂
θAλσω
)
+
kk˜
8
ψ¯µγνρψλ (hFµνρλ − 2hσλFµνρσ + 2hσν∂σAµρλ
−2hσµ∂σAνρλ
)
+
kk˜
8
ψ¯[µγνρψλ]Aνρσ∂[µh
σ
λ], (184)
with the help of which we have that
Sint2 =
∫
d11x
(
bint2 + b
int
1 + b
int
0
)
. (185)
In conclusion, we determined all the nontrivial constituents of the second-
order deformation given by (107).
4 Redefinition of first- and second-order defor-
mations
We showed in the previous section that the consistency of the first-order defor-
mation at order two in the coupling constant implies a simple algebraic system
for the six parameterizing constants, defined by Eqs. (126), (127), (153), (159),
(171), and (181). There are two types of nontrivial solutions, namely
k = −1 or k = 0, k˜ = k¯ = m = 0, Λ, q = arbitrary, (186)
k = −k¯ = −1, k˜1,2 = ± i
√
2
8
, q1,2 = − 4k˜1,2
(12)
4 , m = 0 = Λ. (187)
The former type is less interesting from the point of view of interactions since
it maximally allows the graviton to be coupled to the 3-form (if k = −1).
For this reason in the sequel we will extensively focus on the latter solution,
(187), which forbids both the presence of the cosmological term for the spin-2
field and the appearance of gravitini ‘mass’ constant. In this case the first-order
deformation of the solution to the master equation is expressed by relation (104),
where:
27
(i) the density of Sh1 reads as in formula (47) from Ref. [1];
(ii) Sψ1 = 0 (follows from relation (50) given in Ref. [2] where we set m = 0);
(iii) the sum SA1 + S
h−A
1 is furnished by formula (118) from Ref. [1] in which
we take q → −4k˜i/ (12)4;
(iv) the density of Sh−ψ1 is the sum among the right-hand sides of formulas
(20), (21), and (22) in Ref. [3] where in addition we put k¯ = 1;
(v) SA−ψ1 is pictured by relation (110) from Ref. [2] modulo the replacement
k˜ → k˜i.
Consequently, the second-order deformation of the solution to the master equa-
tion is still (107), up to the following specifications:
1. Sh2 follows from (123) restricted to Λ = 0;
2. the density of Sψ2 is equal to the sum among the right-hand sides of for-
mulas (71), (72), and (74) from Ref. [3] where we put k¯ = 1;
3. SA2 = 0, in agreement with (125);
4. Sh−A2 comes from relation (117) reported in Ref. [1] modulo the change
q → −4k˜i/ (12)4;
5. SA−ψ2 reads as in (165) with k = −k¯ = −1;
6. Sh−ψ2 is expressed by (175) for k¯ = 1 and m = 0;
7. Sint2 is pictured by (185), with k = −k¯ = −1 and k˜ → k˜i given by (187).
In order to compare the interacting model resulting from our cohomological
approach with the results known from the literature [10, 11], it is necessary to
redefine the first-order deformation through a trivial, s-exact term, which does
not modify either the cohomological class of S1 or the physical contents of the
coupled theory
S1 → Sˆ1 = S1 + sK, (188)
with
K = −
(
ξ∗ψµηµ +
1
2
ψ∗µψνhµν
)
. (189)
The above redefinition brings contributions only to the mixed graviton-gravitini
sector, so we can write
Sˆ1 = S
h
1 + S
A
1 + S
h−A
1 + S
A−ψ
1 + Sˆ
h−ψ
1 , (190)
where
Sh1 =
∫
d11x
[
LEH1 + h∗µρ
(
hµν∂ρη
ν − ην∂[µhν]ρ
)
+
1
2
η∗µην∂[µ ην]
]
, (191)
28
SA1 = −
4k˜i
(12)
4
∫
d11xεµ1...µ11Aµ1µ2µ3Fµ4...µ7Fµ8...µ11 , (192)
Sh−A1 =
∫
d11x
{
1
12
Fµνρλ
[
Fµνρσh
σ
λ − 3∂µ (Aνρσhσλ)−
1
8
Fµνρλh
]
+
3
2
A∗µνρ
(
2
3
ηλ∂λAµνρ +A
λ
µν ∂[ρηλ] − hρλ∂λCµν − Cµλ∂[νhλρ]
)
+C∗µν
[
(∂ρCµν) η
ρ + C ρµ ∂[νηρ] + hνρ∂
ρCµ +
1
2
Cρ∂[µhν]ρ
]
+
1
2
C∗µ
(
2ην∂
νCµ + C
ν∂[µην] − hµν∂νC
)
+ C∗ (∂µC) ηµ
}
, (193)
SA−ψ1 = −k˜i
∫
d11x
(
1
4
ψ¯µγνρψλF
µνρλ +
1
2 · 4! ψ¯
αγαβµνρλψ
βFµνρλ
− i
9
ψ∗µFµνρλγνρλξ +
i
3 · 4!ψ
∗µF νρλσγµνρλσξ
+3A∗µνρξ¯γµνψρ − 1
2
C∗µν ξ¯γµνξ
)
, (194)
Sˆh−ψ1 =
∫
d11x
{
i
4
[
1
2
ψ¯µ
(
γρψν − 2σνργλψλ
)
∂[µhν]ρ − hψ¯µγµνρ∂νψρ
+ψ¯µγ
µνρ
(
∂λψρ
)
hνλ − 1
2
ψ¯µγ
µνρψλ∂[νhρ]λ
]
+
1
4
[
ih∗µν ξ¯γµψν
+
1
2
ψ∗µγαβ
(
ψµ∂[αηβ] − ξ∂[αhβ]µ
)
+ 4ψ∗µ (∂νψµ) ην + 2ψ∗µψν∂[µην]
−2ψ∗µ (∂νξ)hµν ] + ξ∗ (∂µξ) ηµ − 1
8
(
i
2
η∗µξ¯γµξ − ξ∗γµνξ∂[µην]
)}
.(195)
In (191) the notation LEH1 means the cubic vertex of the Einstein-Hilbert La-
grangian.
Redefinition (188) induces a modification in the expression of the second-
order deformation. Indeed, let us denote by Sˆ2 the second-order deformation
associated with Sˆ1, namely (
Sˆ1, Sˆ1
)
+ 2sSˆ2 = 0. (196)
Since S2 is solution to the equation
(S1, S1) + 2sS2 = 0, (197)
then (196) and (197) provide
2s
(
Sˆ2 − S2
)
+
(
Sˆ1, Sˆ1
)
− (S1, S1) = 0,
29
or, equivalently (due to the bilinearity of the antibracket)
2s
(
Sˆ2 − S2
)
+
(
Sˆ1, Sˆ1 − S1
)
+
(
Sˆ1 − S1, S1
)
= 0. (198)
Substituting (188) in (198), we infer the equation
2s
(
Sˆ2 − S2
)
+
(
Sˆ1, sK
)
+ (sK, S1) = 0. (199)
Recalling the fact that the BRST differential behaves like a derivation with
respect to the antibracket plus the s-closeness of both S1 and Sˆ1, we find that
(199) becomes
s
[
Sˆ2 − S2 +
(
Sˆ1 + S1
2
,K
)]
= 0, (200)
which further produces
Sˆ2 = S2 −
(
Sˆ1 + S1
2
,K
)
. (201)
Performing the necessary computations with the help of (189), we obtain that
Sˆ2 = S
h
2 + S
h−A
2 + S
A−ψ
2 + Sˆ
ψ
2 + Sˆ
h−ψ
2 + Sˆ
int
2 , (202)
where
Sh2 =
∫
d11x
{
LEH2 −
1
4
h∗µν
[
hλµ∂ν
(
hρλη
λ
)
+
1
2
hρλ
(
∂λhµν
)
ηρ +
3
2
(
∂(µhν)λ − ∂λhµν
)
hλρη
ρ
]
+
1
8
η∗µην
(
hρµ∂[νηρ] − hρν∂[µηρ] − ηρ∂[νhρ]µ
)}
, (203)
Sh−A2 =
1
2
∫
d11x
{
C∗hµνηµ∂νC + C∗µ
[
3
4
hµρh
ρ
ν∂
νC − 1
2
Cνηρ∂[µhν]ρ
+
1
4
Cν
(
hρµ∂[νηρ] − hρν∂[µηρ]
)− hνρηρ∂νCµ
]
− C∗µν [Cρhλν∂[µhλ]ρ
+
1
2
Cρ∂µ
(
hνλh
λ
ρ
)− 3
2
hµλh
ρλ∂ρCν + η
ρ
(
∂[µh
λ
ρ] − ∂[ξhρ]µσξλ
)
Cνλ
−1
2
Cµρ
(
hρλ∂[νηλ] − hνλ∂[ρηλ]
)
+ (∂ρCµν) ηλh
ρλ
]
+
3
2
A∗µνρ
[
Cρξ∂µ
(
hνλh
λξ
)
+
3
2
hρξh
λξ∂λCµν + 2Cµλh
ξ
ν∂[ξh
λ
ρ]
−1
2
Aµνλ
(
hλξ∂[ρηξ] + hρξ∂
[ληξ] + 2σλπηξ∂[ρhπ]ξ
)
+Aµνλhρξ∂
[ληξ]
30
−2
3
hλξηξ∂λAµνρ
]
+
1
8
FµνρλFµνξπ
[
hξρh
π
λ −
1
3!
δξρδ
π
λ
(
1
4
h2 − hαβhαβ
)
−1
3
δξρhλσh
πσ
]
+
1
16
Fµνρλ
[
Aξρλ∂µ
(
hνπh
λπ
)− hµπhξπ (∂νAξρλ
+
4
3
∂ξAνρλ
)
+Aµνξ
(
4hπρ∂[πh
ξ
λ] − h∂[ρhξλ]
)
− 2
3
hξλh∂ξAµνρ
−2Aµξπ∂ν
(
hξρh
π
λ
)
+ 2hξρh
π
λ∂ξAπµν
]
+ qiε
µ1...µ11
(
1
2
hAµ1µ2µ3Fµ4...µ7
−4hξµ1Aµ2µ3µ4Fµ5...µ7ξ + 3hξµ1Aξµ2µ3Fµ4...µ7
)
Fµ8...µ11
+
1
16
∂ξ
(
hπ[µAνρ]π
) [
∂ρ
(
h[ξτ A
µν]τ
)
− 1
3
∂ξ
(
h[µτ A
νρ]τ
)]}
, (204)
SA−ψ2 =
i
16
∫
d11x
[
C∗Cµξ¯γµξ − C∗µ
(
Cµν ξ¯γ
νξ + Cνξγ(µψν)
)
+C∗µν
(
Aµνρ ξ¯γ
ρξ − 2C ρµ ξ¯γ(νψρ)
)− 3A∗µνρA λµν ξ¯γ(ρψλ)] . (205)
According to (202) only the last three components from the second-order defor-
mation change. Thus, the Rarita-Schwinger contribution passes into
Sˆψ2 = −
1
25
∫
d11x
{
iξ∗
(
γµνξξ¯γµψν +
1
16
ψµξ¯γµξ
)
− 1
32 · 24
(
11 · 17ψ∗νγµψ¯∗ν − 29ψ∗νγµνρψ¯∗ρ − 62ψ∗νγνψ¯∗µ
)
ξ¯γµξ
− 1
32 · 23
(
14 · 37ψ∗µψ¯∗ν + 7ψ∗ργµνρλψ¯∗λ − 68ψ∗µγνρψ¯∗ρ
−29ψ∗ργµνψ¯∗ρ
)
ξ¯γµνξ +
1
33 · 23
(
ψ∗εγµνρλσψ¯∗ε − 56ψ∗µγνρλψ¯∗σ
+ψ∗εγµνρλσεηψ¯∗η + 14ψ∗σγµνρλεψ¯
∗ε) ξ¯γµνρλσξ + iψ∗µγαβ [ψµξ¯γαψβ
−ξ
(
ψ¯µγαψβ +
1
2
ψ¯αγµψβ
)]
+
i
6
(
ψ∗[µγνρλ]ξ−
−1
2
ψ∗σγµνρλσξ
)
ψ¯µγνρψλ − i
16
ψ∗µψν ξ¯γ(µψν) + ψ¯αγµψµψ¯αγνψν
−1
4
ψ¯αγρψβ
(
ψ¯αγρψβ + 2ψ¯αγβψρ +
1
2
ψ¯µγ
µνραβψν
)
−1
8
ψ¯µγνρψλ
(
ψ¯[µγνρψλ] +
1
2
ψ¯αγ
αβµνρλψβ
)}
, (206)
the mixed graviton-gravitini piece takes the form
Sˆh−ψ2 =
∫
d11x
{
1
16
[
ξ∗γµνξ
(
hµλ∂
[νηλ] + ηλ∂[µh
ν]
λ
)
−iη∗µξ¯γ(µψν)ην
]− ξ∗ (∂[µψ¯ν]) ηµην + 1
8
ξ∗γαβψµηµ∂[αηβ]
31
−1
2
ξ∗ (∂µξ) ηνhµν +
i
8
h∗µνhρµξ¯γ(νψρ) +
3
8
ψ∗µ (∂ρξ) hµνhνρ
+
1
8
ψ∗[µψν]
(
hρµ∂[νηρ] − ηρ∂[µhν]ρ
)− 1
2
ψ∗µ (∂ρψµ) ηνhνρ
+
1
16
ψ∗µγαβψµ
(
hρα∂[βηρ] − ηρ∂[αhβ]ρ
)
+
1
8
ψ∗λγµνξ
(
hρλ∂µhνρ − hρµ∂[νhρ]λ −
1
2
hρµ∂λhνρ
)
+
i
64
ψ¯µγµνρλσψ
νhρω∂[λhσ]ω +
i
8
ψ¯µγ
µνρ (∂νψρ)
(
hλσhλσ − h
2
2
)
− i
16
ψ¯µγ
µνρψλh∂[νhρ]λ +
i
8
ψ¯µγ
µνρ (∂λψρ)hh
λ
ν
+
i
16
ψ¯αγρψβ
[
h
(
∂[αhβ]ρ − 2σρβ∂[αh λλ]
)
− (hλρ∂[αhβ]λ
−hλ[α∂β]hλρ + hλ[α∂λhβ]ρ +
1
2
(
∂ρhλ[α
)
hλβ]
)]
+
i
8
ψ¯µγσψσ
[
hνρ∂[µhν]ρ − hρ[µ∂ν]hρν + hρ[µ∂ρhνν] +
1
2
(
∂νhρ[µ
)
hρ
ν]
]
− i
8
ψ¯αγ
αβγ
[
(∂µψν)hβµhγν − hβλ∂λ (hγσψσ) + 3
2
(∂µψγ)hβρh
ρµ
−1
2
ψλh
ρλ∂βhγρ − 3
2
ψσhγλ∂βh
λσ
]}
, (207)
and the terms expressing the simultaneous interactions among all the three types
of fields amount to
Sˆint2 = k˜i
∫
d11x
{
i
72
Fµνρλ (ξ∗γµνρλσξ + 8σµσξ∗γµνρξ) ησ
− i
18
ψ∗[µγνρλ]ξ [Fµνρσhσλ − 3∂µ (hσνAρλσ)]
+
i
36
ψ∗µγ
µνρλσξ [Fνρλεh
ε
σ − 3∂ν (Aρλεhεσ)]
−1
8
hFµνρλ
(
ψ¯µγνρψλ +
1
12
ψ¯αγ
αβµνρλψβ
)
+
1
12
(
ψ¯[µγνρψλ] +
1
2
ψ¯αγ
αβµνρλψβ
)
[Fµνρσh
σ
λ − 3∂µ (hσνAρλσ)]
}
.(208)
In deriving formula (206) we used the identity
ψ¯αγρψβψ¯µγ
µνραβψν +
1
2
ψ¯µγνρψλψ¯αγ
αβµνρλψβ
+
1
36
[
1
2
(
4ψ¯µγ
µνρλαψσψ¯αγνρλσβψ
β + ψ¯µγµνρλσψ
ν ψ¯αγ
αβρλσψβ
+ψ¯µγαβρλσψν ψ¯αγµνρλσψβ
)
+ 21
(−4ψ¯µγµνψρψ¯σγσρψν
+ψ¯µγµνψ
νψ¯αγ
αβψβ + ψ¯
µγαβψνψ¯αγµνψβ
)]
= 0. (209)
32
5 Analysis of the deformed theory. Uniqueness
of D = 11, N = 1 SUGRA
In Ref. [6] (Section 5) it has been shown that the local BRST cohomologies
of the Pauli-Fierz model and respectively of the linearized version of vielbein
formulation of spin-two field theory are isomorphic. Because the local BRST co-
homology (in ghost numbers zero and one) controls the deformation procedure,
it results that this isomorphism allows one to pass in a consistent manner from
the Pauli-Fierz version to the linearized version of the vielbein formulation and
conversely during the deformation procedure. Nevertheless, the linearized viel-
bein formulation possesses more fields (the antisymmetric part of the linearized
vielbein) and more gauge parameters (Lorentz parameters) than the Pauli-Fierz
model, such that the switch from the former version to the latter is realized via
the above mentioned isomorphism by imposing some partial gauge-fixing con-
ditions, which come from the more general ones [7]
δ¯ǫσµ[ae
µ
b] = 0. (210)
In the context of this larger partial gauge-fixing, simple computations lead to
the vielbein fields e µa , their inverses e
a
µ, the inverse of their determinant e,
and the components of the spin connection ωµab (up to the second order in the
coupling constant) in terms of the Pauli-Fierz field as
e µa =
(0)
e
µ
a + λ
(1)
e
µ
a + λ
2(2)e
µ
a + · · · = δ µa −
λ
2
h µa +
3λ2
8
h ρa h
µ
ρ + · · · ,(211)
eaµ =
(0)
e
a
µ + λ
(1)
e
a
µ + λ
2(2)e
a
µ + · · · = δaµ +
λ
2
haµ −
λ2
8
haρh
ρ
µ + · · · ,(212)
e =
(0)
e + λ
(1)
e + λ2
(2)
e + · · · = 1 + λ
2
h+
λ2
8
(
h2 − 2hµνhµν
)
+ · · · , (213)
ωµab = λ
(1)
ω µab + λ
2(2)ω µab + · · · , (214)
where
(1)
ω µab = −∂[ahb]µ, (215)
(2)
ω µab = −1
4
[
2hc[a
(
∂b]h
c
µ
)− 2h ν[a ∂νh b]µ − (∂µh ν[a ) hb]ν] . (216)
Based on these isomorphisms, we can further pass to the analysis of the deformed
theory obtained in the previous sections.
The component of antighost number equal to zero present in Sˆ1 is precisely
the interacting Lagrangian at order one in the coupling constant
L1 = LEH1 + Lh−A1 +
[
− i
4
hψ¯µγ
µνρ∂νψρ
]
+
[
− i
4
ψ¯σγµνρ (∂νψρ)hµσ
]
+
[
i
4
ψ¯σγµνρ (∂νψρ)hµσ +
i
4
ψ¯µγ
µνρ
(
∂λψρ
)
hνλ +
i
4
ψ¯µγ
µνρ
(
∂νψ
λ
)
hρλ
]
33
+[
i
8
(
ψ¯µγλψν − 2σνλψ¯µγρψρ
)
∂[µhν]λ
]
+
[
− i
8
(
2ψ¯µγ
µνρ
(
∂νψ
λ
)
hρλ + ψ¯ργ
ρµνψλ∂[µhν]λ
)]
[
− k˜i
48
Fµνρλ
(
ψ¯αγ
αβµνρλψβ + 2ψ¯
[µγνρψλ]
)]
≡ LEH1 + Lh−A1 +
[
− i
2
(1)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(1)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(1)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(1)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(1)
ψ ρ
]
+

− k˜i
48
(0)
e
(0)
F¯ µνρλ

(0)ψ¯ α(0)Γ
αβµνρλ
(0)
ψ β + 2
(0)
ψ¯
[µ
(0)
Γ
νρ
(0)
ψ
λ]



 , (217)
where Lh−A1 and
(0)
F¯ µνρλ are respectively listed in formulas (124) and (126) from
Ref. [1] (with q → qi and qi as in (187)). In the above we also made the notations
(0)
Dµ
(
Ω+ Ωˆ
2
)
= ∂µ, (218)
(1)
Dµ
(
Ω+ Ωˆ
2
)
=
1
16
(
(1)
Ωµab +
(1)
Ωˆµab
)
γab, (219)
where
(n)
Ω µab and
(n)
Ωˆ µab (n ≥ 1) are the net contributions of the quantities
Ωµab = ωµab +Kµab ≡ ωµab + iλ
2
16
emµ
[
ψ¯nγmnpabψ
p + 2
(
ψ¯aγmψb + ψ¯mγ[aψb]
)]
,(220)
Ωˆµab = Ωµab − iλ
2
16
emµψ¯
nγmnpabψ
p ≡ ωµab + iλ
2
8
emµ
(
ψ¯aγmψb + ψ¯mγ[aψb]
)
(221)
to order n of perturbation theory, with ωµab given in (214). Notations
(n)
Γ
α1···αk
(k ≤ 6) signify the net contributions of the matrices
Γα1···αk = e α1a1 · · · e αkak γa1···ak , (222)
34
again to order n of perturbation theory and
(0)
ψ µ = ψm means the zero-order
approximation of the curved spin-vector
ψµ = e
m
µψm. (223)
Along the same line, the piece of antighost number equal to zero from the
second-order deformation offers us the interacting Lagrangian at order two in
the coupling constant L2
L2 = LEH2 + Lh−A2 + T0 + T1 + T2 + T3 + T4 + T5 + T6, (224)
where
T0 =
[
1
25
ψ¯µγ
ρψρψ¯
µγλψλ − 1
29
(
ψ¯µγµνρλαβψ
ν + 2
(
ψ¯αγρψβ + ψ¯ργ[αψβ]
))×
× (−ψ¯λγρλσαβψσ + 2 (ψ¯αγρψβ + ψ¯ργ[αψβ]))]
≡
[
−1
2
(0)
e
µ
a
(0)
e
ν
b
(
(2)
K
ac
µ
(2)
K
b
ν c −
(2)
K
ac
ν
(2)
K
b
µ c
)]
, (225)
T1 =
[
− i
16
ψ¯µγ
µνρ (∂νψρ)
(
h2 − 2hαβhαβ
)]
+
[
− i
8
ψ¯σγµνρ (∂νψρ)hhµσ
]
+
[
i
8
h
(
ψ¯σγµνρ (∂νψρ)hµσ + ψ¯µγ
µνρ
(
∂λψρ
)
hνλ + ψ¯µγ
µνρ
(
∂νψ
λ
)
hρλ
)]
+
[
i
16
(
ψ¯µγλψν − 2σνλψ¯µγρψρ
)
h∂[µhν]λ
]
+
[
− i
16
h
(
2ψ¯µγ
µνρ
(
∂νψ
λ
)
hρλ + ψ¯ργ
ρµνψλ∂[µhν]λ
)]
≡
[
− i
2
(2)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(1)
e
(1)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(1)
e
(0)
ψ¯ µ
(1)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(1)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(1)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(1)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(1)
ψ ρ
]
, (226)
T2 =
[
i
16
ψ¯σγµνρ (∂νψρ)h
λ
σhµλ
]
35
+[
i
8
ψ¯µγ
αβγ (∂νψρ)h
µ
σ
(
hσαδ
ν
βδ
ρ
γ + δ
σ
αh
ν
βδ
ρ
γ + δ
σ
αδ
ν
βh
ρ
γ
)]
+
[
− i
16
ψ¯µ
(
δαλδ
β
ν γρ + δ
α
ν δ
β
ρ γλ + δ
α
ρ δ
β
λγν
)
ψρh
µ
λ∂[αh
ν
β]
+
i
16
ψ¯µσ
α[λγνρ]βψρh
µ
λ∂[αhβ]ν
]
+
[
− i
8
hµσψ¯
σγµνρ∂ν
(
hρλψ
λ
)]
≡
[
− i
2
(0)
e
(2)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(1)
ψ¯ µ
(1)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(1)
ψ¯ µ
(0)
Γ
µνρ
(1)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(1)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(1)
ψ ρ
]
, (227)
T3 =
[
− i
16
ψ¯µγ
αβγ (∂νψρ)
(
3hµλhλαδ
ν
βδ
ρ
γ + 3δ
µ
αh
νλhλβδ
ρ
γ
+3δµαδ
ν
βh
ρλhλγ + 2h
µ
αh
ν
βδ
ρ
γ + 2h
µ
αδ
ν
βh
ρ
γ + 2δ
µ
αh
ν
βh
ρ
γ
)]
+
[
i
16
ψ¯µ
(
δλαδ
σ
ν γρ + δ
λ
ν δ
σ
ρ γα + δ
λ
ρ δ
σ
αγν
)
ψρhµα∂[λh
ν
σ]
+
i
16
ψ¯α
(
δλαδ
σ
ν γρ + δ
λ
ν δ
σ
ρ γα + δ
λ
ρ δ
σ
αγν
)
ψρhµν∂[λhσ]µ
+
i
16
ψ¯α
(
δλαδ
σ
ν γρ + δ
λ
ν δ
σ
ρ γα + δ
λ
ρ δ
σ
αγν
)
ψµh
µρ∂[λh
ν
σ]
+
i
32
ψ¯µγ
µνραβψνh
λ
ρ∂[αhβ]λ
]
+
[
i
8
ψ¯µγ
αβγ
(
hµαδ
ν
βδ
ρ
γ + δ
µ
αh
ν
βδ
ρ
γ + δ
µ
αδ
ν
βh
ρ
γ
)
∂ν
(
hρλψ
λ
)]
≡
[
− i
2
(0)
e
(0)
ψ¯ µ
(2)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(1)
Γ
µνρ
(1)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(1)
Γ
µνρ
(0)
Dν
(
Ω + Ωˆ
2
)
(1)
ψ ρ
]
, (228)
T4 =
[
i
32
(
ψ¯µγρψν − 2ψ¯µγσψσσνρ − 1
2
ψ¯αγ
aβµνρψβ
)
×
36
×
(
2hλ[µ∂ν]h
λ
ρ − 2hλ[µ∂λhν]ρ −
(
∂ρh
λ
[µ
)
hν]λ −
i
4
(
1
2
ψ¯λγµνρλσψ
σ
+2
(
ψ¯µγρψν + ψ¯ργ[µψν]
)))]
[
− i
16
ψ¯µ
(
δαµδ
β
ν γρ + δ
α
ν δ
β
ρ γµ + δ
α
ρ δ
β
µγν
)
ψλh
ρλ∂[αh
ν
β]
+
i
16
ψ¯µσ
α[µγνρ]βψλhρλ∂[αhβ]ν
]
+
[
i
16
ψ¯µγ
µνρ∂ν
(
hρλh
λσψσ
)]
≡
[
− i
2
(0)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(2)
Dν
(
Ω + Ωˆ
2
)
(0)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(1)
Dν
(
Ω+ Ωˆ
2
)
(1)
ψ ρ
]
+
[
− i
2
(0)
e
(0)
ψ¯ µ
(0)
Γ
µνρ
(0)
Dν
(
Ω+ Ωˆ
2
)
(2)
ψ ρ
]
, (229)
T5 =
1
3 · 210 ψ¯[µγνρψλ]
(
ψ¯αγ
αβµνρλψβ + 2ψ¯
[µγνρψλ]
)
≡ − k˜
2
i
3 · 25
(0)
e
(0)
ψ¯ [µ
(0)
Γ νρ
(0)
ψ λ]

(0)ψ¯ α(0)Γ
αβµνρλ
(0)
ψ β + 2
(0)
ψ¯
[µ
(0)
Γ
νρ
(0)
ψ
λ]

 ,(230)
T6 =
[
− k˜i
3 · 25hFµνρλ
(
ψ¯αγ
αβµνρλψβ + 2ψ¯
[µγνρψλ]
)]
+
[
k˜i
3 · 23Fµνρσh
σ
λ
(
ψ¯αγ
αβµνρλψβ + 2ψ¯
[µγνρψλ]
)]
+
[
− k˜i
23
∂µ (h
σ
νAρλσ)
(
ψ¯αγ
αβµνρλψβ + 2ψ¯
[µγνρψλ]
)]
≡

− k˜i
48
(1)
e
(0)
F¯ µνρλ

(0)ψ¯ α(0)Γ
αβµνρλ
(0)
ψ β + 2
(0)
ψ¯
[µ
(0)
Γ
νρ
(0)
ψ
λ]




+
[
− k˜i
48
(0)
e
(0)
F¯ µνρλ
(
(1)
ψ¯ α
(0)
Γ
αβµνρλ
(0)
ψ β +
(0)
ψ¯ α
(1)
Γ
αβµνρλ
(0)
ψ β
+
(0)
ψ¯ α
(0)
Γ
αβµνρλ
(1)
ψ β + 2
(1)
ψ¯
[µ
(0)
Γ
νρ
(0)
ψ
λ]
+ 2
(0)
ψ¯
[µ
(1)
Γ
νρ
(0)
ψ
λ]
+2
(0)
ψ¯
[µ
(0)
Γ
νρ
(1)
ψ
λ]




37
+
− k˜i
48
(0)
e
(1)
F¯ µνρλ

(0)ψ¯ α(0)Γ
αβµνρλ
(0)
ψ β + 2
(0)
ψ¯
[µ
(0)
Γ
νρ
(0)
ψ
λ]



 , (231)
with Lh−A2 given in formula (128) from Ref. [1] (with q → qi and qi as in (187)),
and
(2)
Dµ
(
Ω+ Ωˆ
2
)
=
1
16
(
(2)
Ωµab +
(2)
Ωˆµab
)
γab. (232)
We observe from (225) that only now, in the presence of all fields, the quartic
gravitini vertex is permitted, by contrast to the results from Refs. [2] and [3],
where it has been shown that gravitini allow no self-interactions in D = 11 if
separately coupled to a graviton or respectively to a three-form gauge field.
Relying on (217) and (224), we observe that the first orders of the interacting
Lagrangian, L0 + λL1 + λ2L2 + · · · , come from the expansion of the following
Lagrangian (expressed in terms of the ‘curved’ spin-vector ψµ and the field
strength of the ‘curved’ 3-form A¯µνρ)
L = 2
λ2
eR (Ω (e))− ie
2
ψ¯µΓ
µνρDν
(
Ω+ Ωˆ
2
)
ψρ − e
48
F¯µνρλF¯
µνρλ
−λk˜i
96
e
(
F¯µνρλ + Fˆµνρλ
)(
ψ¯αΓ
αβµνρλψβ + 2ψ¯
[µΓνρψλ]
)
− 4λk˜i
(12)4
εµ1µ2···µ11A¯µ1µ2µ3 F¯µ4···µ7 F¯µ8···µ11 . (233)
The notation Dµ
(
Ω+Ωˆ
2
)
ψρ denotes the full covariant derivatives of ψρ
Dµ
(
Ω + Ωˆ
2
)
ψρ = ∂µψρ +
1
8
(
Ωµab + Ωˆµab
2
)
γabψρ (234)
and
Fˆµνρλ = F¯µνρλ + λk˜iψ¯[µΓνρψλ]. (235)
The field strength F¯µνρλ reads as in relation (130) from Ref. [1] and the Levi-
Civita symbol εµ1µ2···µ11 is defined via formula (132) from the same reference.
At the first sight it seems that we obtained two different interacting theories,
respectively corresponding to the two different values of k˜ and q from (187), k˜1 =
i
√
2
8 , q1 = − i
√
2
2·(12)4 and k˜2 = − i
√
2
8 , q2 =
i
√
2
2·(12)4 respectively. Nevertheless, this
is not the case since the two models are correlated through the transformation
A¯µνρ −→ −A¯µνρ, so (233) is the D = 11, N = 1 SUGRA Lagrangian for both
choices (see also Refs. [8] and [9]).
The pieces linear in the antifields from the deformed solution to the master
equation give us the deformed gauge transformations for the original fields (the
indexes µ, ν, α, β, γ are flat) as
δ¯ǫ,εhµν = ∂(µǫν) + λ
[
1
2
hρ(µ∂ν)ǫ
ρ − 1
2
ǫρ∂(µhν)ρ + ǫ
ρ∂ρhµν +
i
8
ε¯γ(µψν)
]
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+λ2
[
3
8
ǫρhλρ∂(µhν)λ −
1
2
ǫρhλρ∂λhµν −
1
8
hρ(µ∂ν)
(
hρλǫλ
)
+
i
16
hρ(µε¯γν)ψρ +
i
16
ε¯γρψ(µh
ρ
ν)
]
+ · · ·
=
(0)
δ¯ ǫ,εhµν + λ
(1)
δ¯ ǫ,εhµν + λ
2
(2)
δ¯ ǫ,εhµν + · · · , (236)
δ¯ǫ,εψµ = ∂µε+ λ
[
−1
2
hνµ∂νε+ (∂αψµ) ǫ
α +
1
2
ψν∂[µǫν]
+
1
8
γαβψµ∂[αǫβ] −
1
8
γαβε∂[αhβ]µ +
ik˜i
9
(
γνρλεFµνρλ
−1
8
γµνρλσεF
νρλσ
)]
+ λ2
[
3
8
hµνh
νρ∂ρε− 1
32
γαβε
(−2hρµ∂[αhβ]ρ
+2hρ[α
(
∂β]h
ρ
µ
)− 2hρ[α (∂ρhβ]µ)− (∂µhρ[α)hρβ])
+
1
16
γρλψµ
(
hσρ∂[λǫσ] − ǫσ∂[ρhλ]σ
)
+
1
8
ψρ
(
hλµ∂[ρǫλ] − hλρ∂[µǫλ]
)
−1
4
ψνǫρ∂[µhν]ρ −
1
2
(∂αψµ) ǫβh
αβ − i
16
ψν ε¯γ(µψν)
− i
64
γαβψµε¯γ[αψβ] +
i
64
γαβε
(
ψ¯αγµψβ + ψ¯µγ[αψβ]
)
− i
9 · 25 γ
νρλεψ¯[µγνρψλ] +
ik˜i
18
γνρλε
(
hσ[µFνρλ]σ + ∂[µ
(
hσνAρλ]σ
))
+
i
9 · 28 γµνρλσεψ¯
[νγρλψσ] − ik˜i
144
γµνρλσε
(
h[νε F
ρλσ]ε + ∂[ν
(
hρεA
λσ]ε
))]
+ · · ·
=
(0)
δ¯ ǫ,εψµ + λ
(1)
δ¯ ǫ,εψµ + λ
2
(2)
δ¯ ǫ,εψµ + · · · , (237)
δ¯ǫ,εAαβγ = ∂[αεβγ] + λ
[
ǫδ∂δAαβγ +
1
2
Aδ [αβδ
σ
γ]∂[σǫδ]
−1
2
(
∂δε[αβ
)
hγ]δ +
1
2
εδ [α∂βhγ]δ − k˜iξ¯γ[αβψγ]
]
+λ2
[
−1
8
εδ [α
(
∂βh
σ
γ]
)
hδσ +
3
8
εδ [αh
σ
β∂γ]hδσ
+
3
8
(
∂δε[αβ
)
hσγ]hδσ −
1
4
(
∂δh
σ
[α
)
hδβεγ]σ
−1
8
Aδ [αβδ
ω
γ]
(
∂[ωǫσ]
)
hσδ +
1
8
Aδ [αβh
σ
γ]∂[δǫσ]
−1
4
Aδ [αβδ
ω
γ]∂
(
[ωh
σ
δ]
)
ǫσ − 1
2
(
∂δAαβγ
)
hσδ ǫσ −
i
16
Aδ[αβ ε¯γγ]ψ
δ
39
− i
16
ε¯γδψ[αAβγ]δ
]
+ · · ·
=
(0)
δ¯ ǫ,εAαβγ + λ
(1)
δ¯ ǫ,εAαβγ + λ
2
(2)
δ¯ ǫ,εAαβγ + · · · . (238)
If we introduce the notation
gµν = σµν + λhµν , (239)
then (236) imply some gauge transformations for the metric tensor of the form
1
λ
δ¯ǫ,εgµν = ǫ¯(µ;ν) +
iλ
8
ε¯Γ(µψν), (240)
where
ǫ¯µ;ν = ∂µǫ¯ν − Γ ρµν ǫ¯ρ. (241)
Here, Γ ρµν are precisely the (affine) connection coefficients associated with the
metric (239)
Γ ρµν = g
ρλΓλµν , (242)
where gρλ are the elements of the inverse of (239), and
Γλµν =
1
2
(∂µgνλ + ∂νgµλ − ∂λgµν) (243)
stand for the standard Christoffel symbols of the first kind. In (240) quantities
ǫ¯µ are the ‘curved’ gauge parameters of the spin-2 field
ǫ¯µ = e
a
µǫa =
(0)
ǫ¯ µ + λ
(1)
ǫ¯ µ + λ
2
(2)
ǫ¯ µ + · · ·
=
(
δaµ +
λ
2
haµ −
λ2
8
haρh
ρ
µ + · · ·
)
ǫa. (244)
Using expansions (211)–(212) and transformations (236), one can show per-
turbatively that the gauge transformations of the vielbein fields and of their
inverses read as
1
λ
δ¯ǫ,εe
µ
a = ǫ¯
ρ∂ρe
µ
a − e ρa ∂ρǫ¯µ + ǫ ba e µb −
iλ
8
ε¯Γµψa (245)
and
1
λ
δ¯ǫ,εe
a
µ = ǫ¯
ρ∂ρe
a
µ + e
a
ρ∂µǫ¯
ρ + ǫabe
b
µ +
iλ
8
ε¯γaψµ (246)
respectively. Indeed, the translation and rotation gauge parameters allow the
perturbative developments
ǫ¯µ =
(0)
ǫ¯
µ
+ λ
(1)
ǫ¯
µ
+ · · · =
(
δ µa −
λ
2
h µa + · · ·
)
ǫa ≡ e µa ǫa (247)
40
and
ǫab =
(0)
ǫ ab + λ
(1)
ǫ ab + · · · = 1
2
∂[aǫb]
−λ
4
(
ǫc∂[ahb]c −
1
2
hc[a∂b]ǫc −
1
2
(
∂cǫ[a
)
hcb] +
i
4
ε¯γ[aψb]
)
+ · · ·(248)
respectively. Using now (212) combined with (236), it follows that
(0)
δ¯ ǫ,εe
a
µ =
(0)
δ¯ ǫ,εδ
a
µ = 0, (249)
(1)
δ¯ ǫ,εe
a
µ =
1
2
(0)
δ¯ ǫ,εh
a
µ =
1
2
(
∂aǫb + ∂bǫa
)
σbµ
= 0 + ∂µǫ
a +
1
2
∂[aǫb]σbµ
=
(0)
ǫ¯
ρ
∂ρ
(0)
e
a
µ +
(0)
e
a
ρ∂µ
(0)
ǫ¯
ρ
+
(0)
ǫ
a
b
(0)
e
b
µ, (250)
(2)
δ¯ ǫ,εe
a
µ =
1
2
(1)
δ¯ ǫ,εh
a
µ −
1
8
(
(0)
δ¯ ǫ,εh
a
ρ
)
hρµ −
1
8
haρ
(0)
δ¯ ǫ,εh
ρ
µ
=
1
4
[hmµ∂
aǫm + ham∂µǫ
m − ǫm∂µham − ǫm∂ahmµ
+2ǫm∂mh
a
µ +
i
4
ε¯γ(aψb)σbµ
]
−1
8
(∂aǫm + ∂mǫ
a)hmµ −
1
8
ham (∂
mǫn + ∂nǫm)σnµ
=
1
2
ǫm∂mh
a
µ −
1
2
∂µ (h
a
mǫ
m) +
1
2
ham∂µǫ
m +
1
4
∂[aǫb]hmµ +
(
−1
4
ǫm∂
[ahb]m
+
1
8
hm[a∂b]ǫm +
1
8
(
∂mǫ
[a
)
hb]m − i
16
ε¯γ[aψb]
)
σbµ +
i
8
ε¯γaψbσbµ
=
(0)
ǫ¯
ρ
∂ρ
(1)
e
a
µ +
(0)
e
a
ρ∂µ
(1)
ǫ¯
ρ
+
(1)
e
a
ρ∂µ
(0)
ǫ¯
ρ
+
(0)
ǫ
a
b
(1)
e
b
µ
+
(1)
ǫ
a
b
(0)
e
b
µ +
i
8
ε¯γa
(0)
ψ µ, (251)
and thus (249)–(251) are nothing but the first three orders of the gauge trans-
formations (246).
As we specified before, all the original fields bear flat indices, so in (236)–
(238) Aαβγ means Aabc and ψµ is ψm. The first three orders of the gauge
transformations for the gravitini, (237), can be put under the form
(0)
δ¯ ǫ,εψm =
(0)
e
µ
m
(0)
Dµ
(
Ωˆ
)
ε, (252)
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(1)
δ¯ ǫ,εψm =
(1)
e
µ
m
(0)
Dµ
(
Ωˆ
)
ε+
(0)
e
µ
m
(1)
Dµ
(
Ωˆ
)
ε+ (∂µψm)
(0)
ǫ¯
µ
+
(0)
ǫ mnψ
n
+
1
4
γabψm
(0)
ǫ ab +
ik˜i
9
(0)
e
µ
m
(0)
Γ
νρλ
ε
(0)
F µνρλ − ik˜i
72
(0)
e
µ
m
(0)
Γ µνρλσε
(0)
F
νρλσ
, (253)
(2)
δ¯ ǫ,εψm =
(2)
e
µ
m
(0)
Dµ
(
Ωˆ
)
ε+
(1)
e
µ
m
(1)
Dµ
(
Ωˆ
)
ε+
(0)
e
µ
m
(2)
Dµ
(
Ωˆ
)
ε+ (∂µψm)
(1)
ǫ¯
µ
+
(1)
ǫ mnψ
n +
1
4
γabψm
(1)
ǫ ab +
i
8
(ε¯γaψm)ψa +
ik˜i
9
(1)
e
µ
m
(0)
Γ
νρλ
ε
(0)
F µνρλ
+
ik˜i
9
(0)
e
µ
m
(1)
Γ
νρλ
ε
(0)
F µνρλ +
ik˜i
9
(0)
e
µ
m
(0)
Γ
νρλ
ε
(1)
F µνρλ − ik˜i
72
(1)
e
µ
m
(0)
Γ µνρλσε
(0)
F
νρλσ
− ik˜i
72
(0)
e
µ
m
(1)
Γ µνρλσε
(0)
F
νρλσ
− ik˜i
72
(0)
e
µ
m
(0)
Γ µνρλσε
(1)
F
νρλσ
− i
9 · 25 γ
abcε
(
ψ¯[mγabψc]
)
+
i
9 · 28 γmabcdε
(
ψ¯[aγbcψd]
)
, (254)
where
Dµ
(
Ωˆ
)
ε = ∂µε+
1
8
Ωˆµabγ
abε. (255)
Consequently, we can state that formulas (252)–(254) originate in the pertur-
bative expansion of the expression
δ¯ǫ,εψm = e
µ
m Dµ
(
Ωˆ
)
ε+ λ
[
(∂µψm) ǫ¯
µ + ǫmnψ
n +
1
4
γabψmǫab
+
ik˜i
9
e µm Γ
νρλεFˆµνρλ − ik˜i
72
e µm ΓµνρλσεFˆ
νρλσ +
iλ
8
(ε¯γaψm)ψa
]
. (256)
Taking into account (245), from (256) we deduce the form of the gauge trans-
formations for ‘curved’ gravitini, ψµ = ψme
m
µ, as
δ¯ǫ,εψµ = Dµ
(
Ωˆ
)
ε+ λ
[
(∂ρψµ) ǫ¯
ρ + ψρ∂µǫ¯
ρ +
1
4
γabψµǫab
+
ik˜i
9
ΓνρλεFˆµνρλ − ik˜i
72
ΓµνρλσεFˆ
νρλσ
]
. (257)
We reprise the same procedure with respect to the 3-form. The first three orders
of (238) (with αβγ → abc) can be organized as
(0)
δ¯ ǫ,εAabc =
(
(0)
Dµ (ω) ε[ab
)
(0)
e
µ
c] , (258)
(1)
δ¯ ǫ,εAabc =
(
(1)
Dµ (ω) ε[ab
)
(0)
e
µ
c] +
(
(0)
Dµ (ω) ε[ab
)
(1)
e
µ
c]
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+(∂µAabc)
(0)
ǫ¯
µ
+Am[ab
(0)
ǫ c]m − k˜iε¯γ[abψc], (259)
(2)
δ¯ ǫ,εAabc =
(
(2)
Dµ (ω) ε[ab
)
(0)
e
µ
c] +
(
(1)
Dµ (ω) ε[ab
)
(1)
e
µ
c]
+
(
(0)
Dµ (ω) ε[ab
)
(2)
e
µ
c] + (∂µAabc)
(1)
ǫ¯
µ
+Am[ab
(1)
ǫ c]m
− i
8
(
ε¯γmψ[a
)
Abc]m, (260)
where we denoted by
(0)
Dµ,
(1)
Dµ, and
(2)
Dµ the net contributions of orders zero,
one, and two respectively of the covariant derivative
Dµ (ω) εab = ∂µεab +
1
2
(ε ma ωµbm − ε mb ωµam) . (261)
Therefore, relations (258)–(260) are nothing but the first three orders of the
general formula
δ¯ǫ,εAabc =
(
Dµ (ω) ε[ab
)
e µ
c] + λ
[
(∂µAabc) ǫ¯
µ +Am[abǫc]m
−k˜iε¯γ[abψc] −
iλ
8
(
ε¯γmψ[a
)
Abc]m
]
. (262)
Due to (245) and (262), we obtain the gauge transformations of the ‘curved’
3-form, A¯µνρ, are given by
δ¯ǫ,εA¯µνρ = ∂[µε¯νρ] + λ
[
ǫ¯λ∂λA¯µνρ +Aλ[µν
(
∂ρ] ǫ¯
λ
)− k˜iε¯Γ[µνψρ]] , (263)
where
A¯µνρ = e
a
µe
b
νe
c
ρAabc, ε¯µν = e
a
µe
b
νεab.
So far, we proved that the only consistent interactions in D = 11 for a
spin-2 field, a massless 3-form, and a massless (Rarita-Schwinger) spinor vector
complying with our working hypotheses are nothing but the first orders of the
Lagrangian formulation of D = 11, N = 1 SUGRA (action (233) and gauge
transformations (245), (257), and (263)). The uniqueness of D = 11, N = 1
SUGRA to all orders in the coupling constant can be shown using exactly the
same procedure like in Section 6 of Ref. [1]. Thus, it can be proved that the
complete deformed solution of the master equation for a spin-2 field, a massless
3-form, and a massless Rarita-Schwinger spinor, consistent at all orders in the
coupling constant
Sˆ = S0 + λSˆ1 + λ
2Sˆ2 + · · · , (264)
coincides at each order with the solution of the master equation for D = 11,
N = 1 SUGRA modulo a redefinition of the coupling constant of the type
λ −→ λ (1 + k2λ2 + k3λ3 + · · · ) , (265)
where (km)m≥2 are some arbitrary, real constants.
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6 Conclusion
To conclude with, in this paper we have completed the cohomological BRST
approach to the consistent interactions in eleven spacetime dimensions that can
be added to a free theory describing a massless spin-2 field, a massless (Rarita-
Schwinger) spin-3/2 field, and an Abelian 3-form gauge field. The couplings are
obtained under the hypotheses of smoothness in the coupling constant, locality,
Lorentz covariance, Poincare´ invariance, and the derivative order assumption
(the maximum derivative order of the interacting Lagrangian density is equal to
two, with the precaution that each interacting field equation contains at most
one spacetime derivative acting on gravitini). Our main result is that if we
decompose the metric like gµν = σµν+λhµν , then we can couple the 3-form and
the gravitini to hµν in the space of formal series with the maximum derivative
order equal to two in hµν such that the resulting interactions agree with the
well-known D = 11, N = 1 SUGRA couplings in the vielbein formulation. Only
now, in the presence of all fields, the cosmological term and the gravitini ‘mass’
constant are forbidden and the quartic gravitini vertex is unfolded. Although at
a first sight it seems that two different theories emerge (corresponding to the two
different values of k˜ from (187)), in fact each of them describes D = 11, N = 1
SUGRA since they can be obtained one from the other by the simple 3-form
redefinition Aabc → −Aabc. Our approach is thus a systematic, cohomological
proof of the uniqueness of D = 11, N = 1 SUGRA.
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